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ABSTRACT
THE VERTICAL STRUCTURE OF 
ESTUARINE TIDAL CURRENTS
by
Ronnal P. Reichard 
Univers i ty  of  New Hampshire, A p r i l ,  1980
The surface  slope induced pressure  g rad ien t ,  mean curren t  ve loc i ty
p r o f i l e ,  and bottom s t r e s s  are  inves t iga ted  both t h e o r e t i c a l ly  and
experimentally fo r  a t id a l  channel in a well-mixed es tuary .  The theory
focuses on the use of eddy v i sc o s i ty  models. Surface slope est imates
based on t id e  p re d ic t io n s ,  cu rren t  ve loc i ty  p r o f i l e  measurements, and
s t r e s s  est imates  from near bottom turbulence measurements are  used to
in v es t ig a te  the dynamic balance in the t id a l  channel, and to evaluate
the eddy v i s c o s i ty  models. The pr inc ipal  terms in the dynamic balance
were found to be the surface  slope induced pressure  grad ien t  and the
bottom s t r e s s .  The magnitude of the near bottom s t r e s s  measured in
2
L i t t l e  Bay ranged from 5 to 40 dynes/cm fo r  near bottom curren t  veloc­
i t i e s  of 10 to 60 cm/s. Three functional  forms fo r  the depth va r ia t ion  
of the eddy v i sc o s i ty  c o e f f i c i e n t  (cons tan t ,  l i n e a r ,  and parabolic)  
were evaluated. Eddy v i s c o s i ty  model p red ic t ions  using the parabolic  
eddy v i sc o s i ty  c o e f f i c i e n t  compared most favorably with f i e l d  data .
Two lower boundary condit ions are  inves t iga ted ;  the usual no -s l ip  
condit ion ,  and a near bottom s t r e s s  condit ion.  The curren t  ve loc i ty  
so lu t ion  of the eddy v i s c o s i ty  model, using the l a t t e r  boundary
condit ion ,  i s  a l in e a r  funct ion of  bottom s t r e s s  and surface  slope. 
Thus, ins tead  of specifying surface slope and the s t r e s s  boundary con­
d i t io n  to  p red ic t  c u r ren t  v e lo c i ty ,  the  equations are  rearranged to 
p red ic t  surface  slope and bottom s t r e s s  fo r  a l e a s t  squares f i t  to 
cu rren t  ve loc i ty  p r o f i l e  da ta .  This procedure, c a l led  the  Extended 
P ro f i l e  Method, can be used to p red ic t  bottom s t r e s s  and surface  slope 
to f i r s t  order  accuracy.
CHAPTER I
INTRODUCTION
The purpose of  t h i s  study is  to explore the  re l a t io n sh ip  between 
the surface slope induced pressure  g rad ien t ,  mean ve loc i ty  p r o f i l e ,  and 
bottom s t r e s s  in a t id a l  channel. An understanding of the near bottom 
flow regime and bottom s t r e s s  is  important to s tud ies  in flow hydro­
dynamics, sediment resuspension, t r a n s p o r t ,  and deposi t ion ,  chemical 
exchanges between water and sediment, and biological  processes . Bottom 
s t r e s s  is  one of the  p r inc ipa l  means of t id a l  energy d i s s ip a t io n  in 
e s tu a r i e s .  Hydrodynamic s tud ies  of  the Great Bay Estuary system 
(Reichard and Celikkol ,  1978; Brown and Trask, 1980) have shown th a t  
the pr incipal  dynamic balance is  between the surface slope induced 
pressure g rad ien t  and bottom s t r e s s .  Therefore, d e ta i led  knowledge of 
the bottom s t r e s s  is  necessary fo r  a complete understanding of estua-  
r ine  hydrodynamics.
Direct  f i e l d  measurement of the tu rbu len t  Reynolds s t r e s s  is  
d i f f i c u l t .  Specia lized flow sensors with f a s t  response time ch a rac te r ­
i s t i c s  are required to measure the tu rbu len t  f lu id  ve loc i ty  components, 
and complex deployment schemes employing platforms or towers are  neces­
sary to hold the instrumentat ion in a fixed pos i t ion .  Therefore, i t  is  
much simpler (and in some instances more accurate)  to  i n fe r  s t r e s s  from 
ca re fu l ly  made mean cu rren t  measurements using conventional flow 
sensors.
Stress  can be in fe r red  from curren t  measurements using a t h e o r e t ­
ical  r e la t io n sh ip  between s t r e s s  and the mean flow. One such method
1
2i s  to  assume t h a t  a constant  s t r e s s  layer  e x i s t s  in the bottom boundary 
lay e r ,  fo r  which a log p r o f i l e  so lu t ion  is  obtained.
u - { j * l » ( f „ )  (1.1)
Bottom s t r e s s  i s  determined by f i t t i n g  the  log p r o f i l e  so lu t ion  
to the  measured cu rren t  p r o f i l e  to  obtain the f r i c t i o n a l  shear ve loc i ty  
u* = which is  t r e a te d  as a f ree  parameter in the so lu t io n .
This simple approach is  r e s t r i c t e d  to measurements made in a th in  layer  
immediately above the bottom and does not take in to  account the ver­
t i c a l  va r ia t io n  of  s t r e s s  or the  time dependence of t id a l  flow. Vari­
a t ion  in bottom sediment p a r t i c l e  s i z e ,  bottom topography, suspended 
sediment t r an sp o r t  and bedload t r an sp o r t  a lso  cause observed ve loc i ty
p ro f i le s  to depart  from a log p r o f i l e  d i s t r ib u t i o n .
Another method of est imating bottom s t r e s s  i s  the quadra t ic  s t r e s s  
law, in which the bottom s t r e s s  i s  assumed to be proport ional  to a 
quadra t ic  function of ve lo c i ty ,
Tb = CD u [u| (1.2)
where CQ is  a drag c o e f f i c i e n t ,  and |u |  i s  the magnitude of the  curren t
ve loc i ty .  This method i s  commonly used in numerical hydrodynamic
models (Reichard, 1976).
The drag c o e f f i c i e n t  i s  determined em pir ica l ly ,  depends on the 
d e f in i t io n  of u, and is  assumed constant  in time. The quadra t ic  s t r e s s  
law assumes t h a t  the bottom s t r e s s  and mean curren t  ve loc i ty  are  in 
phase, and the magnitude of the s t r e s s  i s  d i r e c t l y  proport ional  to the 
square of the cu rren t  ve loc i ty .  Several in ves t iga t ion s  (Sternberg, 
1968, 1970, 1972; Ludwick, 1975), designed to evaluate  the drag
3c o e f f i c i e n t ,  found th a t  i t  i s  not cons tan t ,  and in f a c t  va r ies  consid­
erably  in space and time. I t  i s  c l e a r  th a t  t h i s  approach, while s a t i s ­
fac to ry  fo r  some purposes,  i s  not e n t i r e l y  c o r re c t .
In order to  deal with these l im i ta t io n s ,  more general theor ies  fo r  
o s c i l l a t i n g  tu rb u le n t  boundary layers  have been developed. One of 
these theo r ie s  i s  the  eddy v i sc o s i ty  model, in which Reynolds s t r e s s  is  
assumed to be proport ional  to  the mean curren t  g rad ien t  according to:
t = N z | |  (1. 3)
where Nz i s  the  eddy v i s c o s i ty  c o e f f i c i e n t .  The eddy v i sc o s i ty  repre ­
sen ta t ion  fo r  s t r e s s  can be used in the following l in e a r iz ed  form of 
the Navier-Stokes equat ion:
3u _ , 3 .. 9u / •( /i \
3t - ' 9 3 ? + 3Z Nz 3Z ° - 4)
where g i s  the  g ra v i t a t io n a l  constant  and n i s  sea level e levat ion  with 
respec t  to mean sea l e v e l .  Time dependent so lu t ions  fo r  ve loc i ty  and 
s t r e s s  p r o f i l e s  can then be obtained (Kajiura ,  1964, 1966; Johns and 
Odd, 1966; McGregor, 1972; and Smith, 1977). While these  eddy v iscos­
i t y  models provide a more comprehensive t reatment  of  tu rbu len t  boundary 
layers  found in e s t u a r i e s ,  t h e i r  a p p l i c a b i l i t y  i s  l im ited  by lack of 
knowledge of the  v e r t i c a l  d i s t r i b u t i o n  o f  eddy v i s c o s i ty  in the region 
adjacent  to  the channel f lo o r .
Physical arguments are  used to  specify  the eddy v i sc o s i ty  coef­
f i c i e n t .  However, v a r i a t io n  in sediment p a r t i c l e  s i z e ,  bottom i r r e g ­
u l a r i t i e s  such as sand r ip p le s ,  and sediment motion make a p r io r i  
determination of the eddy v i sc o s i ty  c o e f f i c i e n t  near the bottom 
d i f f i c u l t .
4An eddy v i s c o s i ty  model i s  presented here which circumvents t h i s  
problem by using a lower boundary condit ion on s t r e s s ,  ins tead  of the 
no s l i p  condit ion used in previous models. This approach has two 
advantages. F i r s t ,  the  lower boundary condit ion may be applied a t  a 
small d is tance  above the bottom, thus excluding the complex flow a t  the 
bottom. I f  the th ickness  of  the excluded layer  i s  small compared to 
water depth,  the boundary condit ion s t r e s s  d i f f e r s  only s l i g h t l y  from 
the bottom s t r e s s .  The second advantage is  t h a t  the  so lu t ion  fo r  the 
curren t  p r o f i l e  conta ins  terms l i n e a r l y  proport ional  to the bottom 
s t r e s s  amplitude. This allows the th e o re t ic a l  so lu t ion  to be mathe­
m at ica l ly  f i t  to  t i d a l  cu r ren t  data  to  i n f e r  bottom s t r e s s .  Thus the 
model provides a means of  determining shear s t r e s s  d i s t r i b u t i o n  from 
ve loc i ty  p r o f i l e  data (Swif t ,  Reichard, and Celikkol ,  1979).
Previous Theoretical  Inves t iga t ions  
Eddy v i sc o s i ty  models have been used by several  in v e s t ig a to r s  to  
study the v e r t i c a l  v a r i a t io n  of mean cu rren t  v e lo c i ty .  Johns (1966) 
used an eddy v i s c o s i ty  model to study the v e r t i c a l  d i s t r i b u t i o n  of  
cu rren t  and shear s t r e s s  in t id a l  e s tu a r i e s .  The model r e l a te d  the 
time r a t e  of  change of the  mean cu rren t  v e lo c i ty ,  the  surface  slope 
induced pressure g ra d ie n t ,  and the grad ien t  of the  v e r t i c a l  shear 
s t r e s s  (eq. 1 .4):
, 8  >i 9u /-i j-\
3 t ~  -9 W + 3? Nz 9? ( 1 ‘ 5)
The eddy v i sc o s i ty  c o e f f i c i e n t  was assumed to  be the  following quad­
r a t i c  function:
Nz = v [ 1 + « (1 + j~) ] 2 (1.6)
where v i s  the v i s c o s i ty  of  the  bed f lu id  (z = - h ) ,  and « a f ree  param­
e t e r  se lec ted  to y ie ld  the desired value of the eddy v i s c o s i ty  coef-
uf i c i e n t  a t  the  su r face .  Boundary condit ions of  no surface  s t r e s s  (
= 0 a t  the surface)  and no s l i p  a t  the bottom (u = 0) were imposed.
The model was applied to the Humber e s tuary .  The predic ted ve loc i ty  
p r o f i l e  was compared with both measured curren t  ve loc i ty  and a p ro f i l e  
predic ted using the same model with a constant  eddy v i s c o s i ty  coef­
f i c i e n t .  These comparisons in d ica te  t h a t  the quadra t ic  form of  the 
eddy v i sc o s i ty  c o e f f i c i e n t  provides a b e t t e r  p red ic t ion  of the current  
gradient  than the constant  eddy v i s c o s i ty .  However, the predicted pro­
f i l e  can be made to agree with the measured p r o f i l e  e i t h e r  near the 
bottom or in the upper water column, but not both.
Kajiura (1964) used an eddy v i sc o s i ty  model with eddy v i sc o s i ty  
c o e f f i c i e n t  varying l in e a r ly  with depth to in v e s t ig a te  the  bottom 
f r i c t i o n  in o s c i l l a t i n g  tu rbu len t  flow, and in a f u r th e r  study (1968), 
the f r i c t i o n  c o e f f i c i e n t ,  s t r e s s  and ve loc i ty  p r o f i l e s  in the bottom 
boundary layer  under waves. Smith (1977) u t i l i z e s  a s im i la r  eddy v i s ­
cos i ty  model, with Nz varying l in e a r ly  with depth,  to study the bottom 
boundary laye r  in uniform unsteady flow under surface  waves. Grant 
and Madsen (1979), based on Kaj iu ra 's  and Smith's work, use a s im i la r  
eddy v i sc o s i ty  model to  study curren t  and wave in te r a c t io n  near the 
bottom in a wave dominated regime.
Bowden, F a i rba i rn ,  and Hughes (1959) analyzed mean ve loc i ty  pro­
f i l e s  to determine the  v e r t i ca l  d i s t r i b u t i o n  of shear s t r e s s ,  and to 
ca lcu la te  eddy v i s c o s i ty  c o e f f i c i e n t s .  The eddy v i sc o s i ty  c o e f f i c i e n t s
6were found to be on the order of  102 cm2/ se c .  Highest values were 
found near mid-depth, with lower values near the surface and bottom.
The c o e f f i c i e n t s  were found to vary over the t id a l  cycle ,  with the 
maximum values corresponding to maximum curren t  v e lo c i t i e s .
A th e o re t ic a l  eddy v i s c o s i ty  model i s  presented based on these 
r e s u l t s .  The model is  divided in to  two lay e rs ,  (1) a f r i c t i o n  layer  
near the bottom approximately O.lh in th ickness ,  with Nz increasing 
l in e a r ly  with depth, y ie ld ing  a logari thmic ve loc i ty  p r o f i l e ,  and (2) 
the remainder of the  water  column in which Nz is  constant .
Johns (1967), based upon his previous work, developed a two 
dimensional ( longitud inal  and v e r t i c a l ) model to inv es t ig a te  the semi­
diurnal  flow in sec t ions  of the Humber es tuary .  The momentum equation 
includes the non - l in ea r  convection acce le ra t ion  term:
9U . 9u _ 3n , 8 M 3u 7 \
3 t  +  U W  ' 3  3 7  +  9 ? Nz  3 z  ( 1 - 7 )
and the conservation of  mass equation allows fo r  a slowly varying 
es tuary  width, b ( x ) :
1 9_
b(x ) 3x
•n
( b(x) udz ) + = 0 (1.8)
-h(x)
9t
Johns (1968) re f ined  t h i s  model by providing con t inu i ty  of  t i d e  height 
and mass flow between the sect ions of  the  es tuary .
A two dimensional model developed by Hamilton (1975), which 
includes densi ty  v a r ia t io n s  due to s a l i n i t y ,  was applied to a hypo­
th e t i c a l  es tuary  to  study the  e f f e c t s  of time varying eddy v i sc o s i ty  
c o e f f i c i e n t s  (Bowden and Hamilton, 1975). Three functional  forms of 
the  eddy v i sc o s i ty  c o e f f i c i e n t  and eddy d i f f u s i v i t y  c o e f f i c i e n t  were
7inves t iga ted :
(1) Nz = No, Kz = K0
(2) Nz = N0 + NjH|U|, Kz = K0 + KxH|U|
(3) Nz = N0 + NxH|U| (1 + mBRi)q
Kz = K0 + KjH|U| (1 + BRi)P (1.9)
where N0, N1S m, q, p, are cons tan ts ,  and K0 = ^ N0, Kx = h Nj.
The s tud ies  show t h a t  a more r e a l i s t i c  rep resen ta t ion  of the 
curren t  and s a l i n i t y  d i s t r i b u t i o n  i s  obtained when the c o e f f i c i e n t s  are 
proportional to the cu r ren t  ve loc i ty  (case 2, Nj > N0) than when they 
are  constant .  Inclusion of the Richardson number provides a s l i g h t  
improvement, but the general a p p l i c a b i l i t y  of th i s  functional  form is  
quest ionable .
Davies (1976a) developed a th ree  dimensional numerical eddy v i s ­
cos i ty  model, using a constant  eddy v i s c o s i ty  c o e f f i c i e n t  and a s l i p  
ve loc i ty  a t  the bottom. A refinement of the model (Davies, 1976b) 
u t i l i z e s  a depth dependent eddy v i s c o s i ty  c o e f f i c i e n t ,  and a no s l i p  
bottom boundary condit ion .  The se lec ted  depth dependence is  based on 
three  laye rs :  (1) a logari thmic laye r  a t  the bottom, in which the eddy
v isc o s i ty  c o e f f i c i e n t  increases  l in e a r ly  from N2 a t  the bottom to Nx, 
which y ie ld s  a logari thmic ve lo c i ty  p r o f i l e ,  (2) a middle layer  in 
which i t  i s  cons tan t ,  and (3) a laye r  near the su r face ,  in which Nz 
increases l in e a r ly  from Nj to N0 a t  the  surface.
Vager and Kagan (1969) proposed a model fo r  the v e r t i c a l  s t ru c tu re  
of  the tu rbu len t  boundary layer  in a t id a l  cu rren t .  The th ree  dimen­
sional  numerical model cons is t s  of the horizontal  conservation of
8momentum equat ions ,  the  tu rbu len t  energy equat ion,  and Kolmogorov's 
approximate s im i l a r i t y  r e l a t i o n s .  The eddy v i s c o s i ty  c o e f f i c i e n t  i s  
r e la ted  to the tu rb u len t  k ine t ic  energy, which i s  determined as pa r t  
of the c a lcu la t io n .  The r e s u l t s  show the c o e f f i c i e n t  varying asym­
m etr ica l ly  in time, a t  twice the frequency of  the t id a l  cu rren t .  The 
time va r ia t io n  of  the c o e f f i c i e n t  near the bottom i s  small ,  as i s  the 
mean value, and both increase with d is tance  from the bottom. Thus, 
the time v a r ia t io n  i s  l a r g e s t  in the upper port ion of the  water 
column, where the  e f f e c t  on the curren t  p r o f i l e s  i s  minimal. Vager 
and Kagan (1971) expanded the analysis  to include densi ty  and i t s  
e f fe c t s  on the v e r t i c a l  s t ru c tu re  of  the tu rbu len t  boundary layer .
These models p red ic t  both t id a l  cu rren t  and s t r e s s  p ro f i l e s  fo r  a 
spec i f ied  surface  slope.  However, they are  used p r in c ip a l ly  to p red ic t  
t id a l  c u r re n t s ,  while the  Extended P ro f i l e  Method uses the eddy v iscos­
i t y  model to  p red ic t  surface  slope and bottom s t r e s s  from spec i f ied  
curren t  data .
Previous Experimental Inves t iga t ions
Although various aspects  of the models presented here have been 
evaluated through comparison with f i e l d  d a ta ,  there  has not been a 
complete evaluat ion of the basic eddy v i sc o s i ty  model concepts. The 
pr incipal  reason fo r  t h i s  i s  the d i f f i c u l t y  in measuring Reynolds 
s t r e s s .  Near bottom Reynolds s t r e s s  can be ca lcu la ted  d i r e c t l y  from 
tu rbu len t  ve loc i ty  f lu c tu a t io n  data using th^ eddy c o r re la t io n  method. 
In t h i s  method, the s t r e s s  i s  assumed constant  in the logari thmic 
boundary layer ;  th e re fo re ,  the s t r e s s  a t  the bottom is  approximately 
equal to the s t r e s s  small d is tances above the bottom. I t  has been shown
9(Heathershaw, 1976) t h a t  over topographica l ly  smooth boundaries the 
s t r e s s  in t h i s  lay e r  va r ies  about ten percent .  Thus, the Reynolds 
s t r e s s  i s  computed d i r e c t l y ,  as the  time average of the product of 
longitudinal  and v e r t i c a l  ve loc i ty  f lu c tu a t io n s  near the bottom, and 
assumed equal to the bottom s t r e s s .
The f i r s t  d i r e c t  f i e l d  measurement o f  the  horizontal  and v e r t i c a l  
tu rbu len t  v e lo c i ty  components was made by Bowden and Fairbairn  (1956). 
They used two electromagnetic  flow meters ,  each measuring flow in one 
d i r e c t io n .  The measurements were made in a t i d a l  cu rren t  ranging in 
speed from 25 to 50 cm/sec, in water depths of  12 to  22 meters. The 
root  mean square of  the  v e r t i c a l  and longitudinal  ve loc i ty  f lu c tu a t io n s  
was found to be approximately 6 and 10 percent of the mean flow respec­
t iv e ly .  The s t r e s s  was found to be 2 to 4 dynes/cm2 a t  75 cm above the 
bottom, and the corresponding c o r r e la t io n  c o e f f i c i e n t  was 0 .4 .  Auto­
c o r re la t io n  and sp e c t ra l  ana lys is  of the  tu rbu len t  records ind ica te  
t h a t  the  longitudinal  component contained more energy in f lu c tu a t io n s  
having longer periods than the v e r t i c a l  component, and t h a t  the major 
con tr ibu t ion  to the  Reynolds s t r e s s  occurs fo r  periods between 4 and 
100 seconds. The ana lys is  was performed fo r  records a t  both 75 and 
150 cm above the bottom, and shows th a t  f lu c tu a t io n s  with longer p e r i ­
ods are more important  f a r t h e r  from the bottom. Bowden (1962) 
co l lec ted  addit iona l  d a ta ,  from which in teg ra l  length scales  and 
turbulence spec t ra  were ca lcu la ted .  The in te g ra l  length sc a le ,  defined 
as:
f<x>
L = r(x)dx (1.10)
o
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where r  i s  the  a u to c o r re l a t io n ,  and x = UT, where U i s  the mean veloc­
i t y  and T is  the  time l a g ,  was found to be 3 .6 ,  1 .6 ,  and 1.3 m in the 
lo n g i tu d ina l ,  v e r t i c a l ,  and t ransverse  d i rec t io n s  re sp ec t ive ly .  Peak 
values of  the energy spec t ra  were found a t  wavelengths of  25, 4, and 
1.4 meters in the  lo n g i tu d in a l ,  v e r t i c a l ,  and t ransverse  d i r e c t io n s .
Heathershaw (1976) measured the horizontal  and v e r t i c a l  ve loc i ty  
f luc tu a t io n s  in the I r i s h  Sea using an electromagnetic  cu rren t  meter. 
Cospectral ana lys is  of these records ind ica te s  th a t  more than 95 percent 
of the Reynolds s t r e s s  occurs a t  frequencies lower than 0.5 Hz, and 
th a t  as shear in c re a se s ,  production a t  low wave numbers inc reases ,  and 
there  is  a corresponding s h i f t  in the cospectral  peak.
Tochko (1978) used acoust ic  t rave l  time sensors to measure t u r ­
bulent  ve loc i ty  f lu c tu a t io n s  a t  heights of  26, 46, 96, and 210 cm above 
the bottom simultaneously. The highes t  leve ls  of tu rb u len t  k ine t ic  
energy and momentum f lux  were found to  occur near the bottom, and 
decrease with d is tance  from the bottom, except fo r  the  sensor a t  210 
cm.
Gordon (1974, 1975) inves t iga ted  the  in te rmit tency  of  the  boundary 
layer  turbulence in the  Choptank River. The s t r e s s  data  has been 
separated by events and c l a s s i f i e d  by the signs of the f lu c tu a t io n s  
producing the s t r e s s  in to  four ca tego r ies :  (1) u>0, w>0, (2) u<0, w>0,
(3) u<0, w<0, (4) u>0, w<0. These events account fo r  91 percent of the 
s t r e s s ,  and the percent  con tr ibu t ion  of the  four ca tegor ies  to the 
s t r e s s  i s  -9 ,  55, -5 ,  and 50 re sp ec t iv e ly .  Correlated tu rbu len t  
motions, or events ,  which occur about 30 percent of the time account 
for  approximately 90 percent of  the Reynolds s t r e s s .  The average dura­
t ion  of an event was est imated to  be 9 seconds, and the mean period
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between events 65 to 70 seconds. Analysis of  add it ional  data  (Gordon 
and Wit t ing, 1977) ind ica te s  th a t  the events have an average duration 
of 7 seconds, and the mean period between events i s  45 seconds.
Heathershaw (1974), in ves t ig a t ing  in te rm it tency  in the I r i sh  Sea, 
found th a t  events occurring ou ts ide  of two standard devia t ions  in the 
s t r e s s  record con tr ibu te  57 percent of  the s t r e s s  in 7 percent  of the 
time. The durat ion of  these  events ranges from 5 to  10 seconds, while 
the period between events ranges from 20 to  100 seconds. In another 
experiment, Heathershaw (1976) observed the large  amplitudes in the  
s t r e s s  records to  be t y p ic a l l y  ten times the mean s t r e s s ,  and some were 
as la rge  as t h i r t y  times the  mean s t r e s s .
McLean and Smith (1979) examined the e f f e c t s  of  bottom topography 
on turbulence .  They analyzed t h i s  data s e t  fo r  in te rm i t tency ,  and were 
not able to confirm Gordon and W it t ing 's  r e s u l t s .  Also, the  Reynolds 
shear s t r e s s  was found not to vary with tu rb u len t  k in e t ic  energy (as 
used in some closure  models) but r a th e r  with the  variance of  the  v e r t i ­
cal ve lo c i ty  component. Nowell and Gross (1980) found the Reynolds 
shear s t r e s s  in a t i d a l  channel to  vary with the cu r ren t  ve loc i ty  
r a th e r  than with the tu rbu len t  k in e t ic  energy.
These inv es t ig a t io n s  have shown th a t  an instrument must have a 
frequency response of a t  l e a s t  0.5 Hz to  resolve  the Reynolds s t r e s s  
adequately. They have a lso  shown th a t  e lectromagnetic  cu rren t  meters 
with appropr ia te  length and time scales  can be used to determine the 
Reynolds s t r e s s .  I t  i s  seen th a t  Reynolds s t r e s s  e s t im a te s ,  based on 
the eddy c o r r e l a t io n  method, have a large  uncer ta in ty  due to  the nature  
of the  boundary layer  turbulence. F in a l ly ,  r e l a t i n g  Reynolds shear  
s t r e s s  to tu rbu len t  k in e t i c  energy to obtain c losure  has been shown to
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be in v a l id ;  however, a complete evaluat ion of  the eddy v i sc o s i ty  model 
has not y e t  been conducted.
Summary of  Objectives
This study is  concerned with in v es t ig a t ing  the dynamic balance in 
a t id a l  channel, with p a r t i c u l a r  emphasis on bottom s t r e s s .  This 
balance involves the surface  slope induced pressure  g rad ie n t ,  the mean 
curren t  ve loc i ty  p r o f i l e ,  and the bottom s t r e s s .  The goal of  th i s  
study is  to in v e s t ig a te  these  r e l a t io n sh ip s  both th e o r e t i c a l l y  and 
experimentally .  The s p e c i f i c  ob jec t ives  to accomplish th i s  goal are:
1) Determine the  re l a t io n sh ip  between bottom s t r e s s ,  surface
slope ,  c u r ren t  a c c e le ra t io n ,  and mean curren t  ve loc i ty  in 
the  Great Bay Estuary.
2) Evaluate the usefulness of eddy v i s c o s i ty  models fo r  pre­
d ic t in g  cu rren t  and s t r e s s  p ro f i l e s  in a t id a l  channel.
3) Develop a model to  p red ic t  bottom s t r e s s  in unsteady flow
from curren t  ve loc i ty  measurements in a t id a l  channel.
CHAPTER II
THEORY
The th e o re t i c a l  in v es t ig a t io n  involves using models to  p red ic t  the 
v e r t i ca l  d i s t r i b u t i o n  of  s t r e s s  and cu rren t  v e lo c i ty .  These ana ly t ica l  
models are  based on a l in e a r iz e d  form of  the  Navier-Stokes equation,  
and u t i l i z e  an eddy d i f f u s i v i t y  approach to r e l a t e  s t r e s s  to the  ver­
t i c a l  g rad ien t  of  cu r re n t  v e loc i ty .
S p ec ia l iza t ion  of the Equation of  Motion 
The equation o f  motion fo r  an es tuary  i s  the Navier-Stokes equa­
t ion .  In tensor  n o ta t io n ,  the  general ized form of t h i s  equation i s :
9t (pui)  + 9x7 (Pui uj )  = " 3x7 _2ei j ^ j u£ + pg<Si3
J *
a 9u_. ? 9u. 9u.
+ 9x7 3^(7 “ 3 6i j  9x^ + 9x7 ^  3xj^
where t  i s  time, p i s  d e n s i ty ,  u a ve loc i ty  component, x  ^ a coordinate  
d i r e c t i o n ,  P p ressure ,  ft the e a r t h ' s  ro ta t io n  r a t e ,  g g rav i ta t io n a l  
a c c e le ra t io n ,  y and £ v isc o s i ty  c o e f f i c i e n t s .
For the  shallow water  depths found in e s t u a r i e s ,  water can be 
considered an incompressible f l u id  (3p/9P = 0) . Density is assumed 
cons tan t ,  as the areas of  the  es tuary  being studied are  well mixed, 
and the molecular v i s c o s i ty  i s  assumed constant .  These assumptions 
simplify the  momentum equation to:  (2.2)
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Representing the va r iab les  as the sum of t h e i r  ensemble average and a 
f lu c tu a t ion  about the ensemble average:
u • = u~T + ul i i
P = P + P' (2.3)
where the overbar denotes the  ensemble average, and the prime denotes 
the f lu c tu a t io n  term, equation (2.2) can be ensemble averaged to i so ­
l a t e  the e f f e c t s  of the  turbulence on the mean flow:
9U- 3   1 ip _
W  + axT ( ui uj  ) = “ 9x7 "2£i J +
9Si3 - T - J r  ( p»ui uj ) + 11 o wy (2-4)J J
The e f f e c t  of the  tu rbu len t  motion can be viewed as producing s t r e s se s
in the mean flow. This addit ional  term in the momentum equation i s  the
Reynolds s t r e s s ,  which is  defined as the  product of ve loc i ty  f l u c tu ­
a tions (with respec t  to  the ensemble average ve loc i ty )  and densi ty :
Ti j  = - poui uj  (2-5)
Applying the theory to  a long narrow channel of constant  cross-  
sect ion a rea ,  the  th ree  dimensional equations can be f u r th e r  s impli­
f ied .  The cross channel ve loc i ty  i s  general ly  assumed to be zero fo r  
th i s  geometry. This assumption can be quan t i f ied  u t i l i z i n g  two 
fundamental parameters, the Kelvin number K^, and the horizontal  aspect 
r a t i o  6 ( I a n i e l l o ,  1977):
Ke = f b 0 (ghQ) -h
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6 = 2ab0 (gh0)~h (2 . 6 )
where f  i s  the C or io l i s  parameter,  b0 the channel width,  h0 the channel 
depth, and a the  diurnal  t id a l  frequency. The Kelvin number, a r a t i o  
of the  time sca les  fo r  the Cor io l is  force and the cross channel 
response, ind ica tes  the  importance of  the Cor io l is  term to mean flow. 
The horizontal  aspect  r a t i o ,  a r a t i o  of t id a l  and cross channel
response time sc a le s ,  ind ica tes  the importance o f  terms conta ining the
cross channel v e lo c i t i e s  to the  mean flow. For «  1 and 62 «  1, 
there  i s  a large  d i f fe rence  in time sc a le s ;  th e re fo re ,  the mean of the 
cross channel ve loc i ty  i s  zero ,  as i t  is  taken with respec t  to time 
sca les  much la rg e r  than the sca le  of motion. Therefore, the  cross 
channel momentum equation and a l l  terms conta ining the cross channel 
ve loc i ty  can be neglected i f  «  1 and 62 «  1. For the  area being 
s tud ied ,  ~ 10"3 and <52 ~ 10"5, which s a t i s f i e s  the c r i t e r i a .  The 
v e r t i c a l  momentum equation i s  assumed to  be in hydros ta t ic  balance, as 
the pressure  g rad ien t  and g ra v i ta t io n a l  terms are  severa l  orders of
magnitude l a rg e r  than the o ther  terms. A right-handed ca r te s ian
coordinate  system is  used, where the  longitudinal  coordinate  x is 
pos i t ive  toward the head of the e s tu a ry ,  the t ransverse  coordinate  y 
i s  zero a t  the cen ter  of the channel,  and the v e r t i c a l  coordinate  z is 
po s i t iv e  upward from the bottom. By el iminat ing  the t ransverse  momen­
tum equation and a l l  terms involving the t ransverse  v e lo c i ty ,  and sub­
s t i t u t i n g  the s im pli f ied  v e r t i ca l  momentum equation in to  the  long i tu ­
dinal momentum equation,  equation (2.4) becomes
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(2.7)
where u i s  the  longitudinal  ve lo c i ty  and w is  the v e r t i c a l  v e lo c i ty .
Two components of  Reynolds s t r e s s  are present  in the  equat ion,  
the longitudinal  normal s t r e s s  pou ' u ' , and the v e r t i c a l  shear s t r e s s  
p u 1w' .  The con tr ibu t ion  of  the normal s t r e s s  to mean momentum t r a n s -  
f e r  is  i n s ig n i f i c a n t  compared to the con tr ibu t ion  of  the  v e r t i c a l  shear 
s t r e s s ,  as i t s  g rad ien t  i s  several  orders of magnitude smaller .  Based 
on Bowden's (1956) r e s u l t s ,  the longitudinal  and v e r t i c a l  s t r e s se s  can 
be approximated as
The length sca le  over which the shear s t r e s s  varies  i s  approximately 
the water depth H. The length sca le  (L) over which the normal s t r e s s  
varies  depends on the basin geometry, but is  genera l ly  several orders 
of magnitude la rg e r  than H. Thus, the gradient  of the two s t r e s s e s ,  
(2 . 8 ) can be approximated as:
Pou V  ~ P0u ox10” 2
PgU'w1 ~ 0 .2 p 0u2xlCf2 ( 2 . 8 )
L
0 . 2u2x l0~2 o (2.9)
and the r a t i o  of the two terms i s :
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( 2 . 10 )
Therefore the normal Reynolds s t r e s s  i s  neglected.
The v e r t i ca l  Reynolds shear s t r e s s ,  represen ting  the tu rbu len t  
exchange of mean momentum, must be re la te d  to the mean ve loc i ty  to 
obtain a s u f f i c i e n t  number of  equations to solve fo r  the unknown 
dependent va r iab les  ( the  c losure  problem of turbu lence) .  Consider an 
element of  f l u id  moving a t  a ve loc i ty  u (Z j) ,  (see f igu re  1) which is  
displaced from z = z x to  z = z 2, a d is tance  of  Az. The f lu id  element 
wil l have a momentum d e f i c i t  of:
The volume of  f l u id  per u n i t  area and un i t  time is  equal to  the veloc­
i ty  in the  v e r t i c a l  d i r e c t io n :
The r a t e  of momentum exchange per un i t  area ac ts  as an e f f e c t i v e  shear 
s t r e s s  and can be approximated by:
where Az is  the  mixing length .  This i s  analogous to the v e r t i c a l  
Reynolds shear s t r e s s ,  in which a pos i t ive  v e r t i c a l  f lu c tu a t io n  with 
a negative longitud inal  f lu c tu a t io n  ind ica tes  an element of f l u id  with 
lower momentum moving in to  a region of higher momentum, and a negative 
v e r t i c a l  f lu c tu a t io n  with a po s i t iv e  longitudinal  f lu c tu a t io n  ind ica te s  
an element of  f l u id  with higher momentum moving in to  a region of  lower
m [u(z j ) - u (z 2)] = mAu ( 2 . 1 1 )
( 2 . 1 2 )
e f f e c t i v e  s t r e s s  = mAu = mAz ~ P g f  37 (2.13)
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momentum. Equation (2.13) suggests t h a t  Reynolds shear s t r e s s  can be 
re la ted  to the mean v e lo c i ty  g rad ien t  by a tu rbu len t  exchange coef­
f i c i e n t  fo r  momentum, thus
'P ^ T v T  = p„Nz (2.14)
Nz corresponds to  3z /3 t  Az, and sca les  as the rms v e r t i c a l  f lu c tu a t io n  
v e lo c i ty ,  and the length sca le  of the  momentum t r a n s fe r r in g  edd ies ,  £:
Nz ~ ( ^ 2) \  (2.15)
The Reynolds number of  the  tu rbu len t  eddies can be in te rp re ted  as 
the r a t i o  of eddy v i s c o s i ty  to molecular v i s c o s i ty  (Lumley and Tennekes, 
1972), and i s  about 101* fo r  the flow under cons idera t ion .  Thus, the 
molecular v i sc o s i ty  i s  much le s s  than the eddy v i s c o s i ty .  In t h i s  
model i t  wil l  be combined with the  eddy v i s c o s i ty .  The eddy v i sc o s i ty  
c o e f f i c i e n t  i s  a property  of  the flow, r a th e r  than the f l u i d ,  and so 
will vary throughout the  flow f i e l d ,  as well as in time. However, the 
approximation is  reasonable, fo r  flows which can be charac ter ized  by one 
length sca le  and one time sca le .  Replacing the Reynolds s t r e s s  in 
equation (2.7) with the  product of  the eddy v i s c o s i ty  c o e f f i c i e n t  and 
the mean ve loc i ty  g rad ien t  y i e ld s :
3u , 3u , 3u _ 3n , 3_M 3u r0
3t  + U 3) T+ W 3? - - 9 3? + 3i - Nz 3 7  ( 2 J 6 )
For a channel of  constant  c ro ss -sec t ion a l  a rea ,  the longitudinal
momentum equation can be scaled using shallow water  wave p roper t ies :
- 1 ^ frequency a = 2ttT , c e l e r i t y  c = (gh0) 2, wavelength L = c / a ,  amplitude
nQ, and v e r t i c a l  mixing c h a r a c t e r i s t i c s :  maximum value of the eddy
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Figure 1. Hypothetical Current Velocity P ro f i l e  Used to Explain 
Momentum Exchange, (a) An upward v e r t i c a l  ve loc i ty  
f lu c tu a t io n  wil l  cause a f l u id  element a t  z x with 
v e lo c i ty  u (z!)  to  move to  z2. The element wil l  then 
have a momentum d e f i c i t  o f  m F u(z i )  - u (z2)]] compared 
to the surrounding f l u id ,  (b) Conversely, a downward 
v e r t i c a l  ve loc i ty  f lu c tu a t io n  wil l  cause a f lu id  
element a t  z 2 with ve loc i ty  u (z2) to move to  z 1( The 
element wil l  then have a momentum surplus of  
m Tu(z2) - u ( z 1')’l »  and momentum i s  exchanged between 
laye rs .
1
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1 V'v i s c o s i ty  c o e f f i c i e n t  Nzm, t id a l  mixing dis tance  (Nzn)cr ) 2, t id a l  
mixing ve loc i ty  (Nzma ) 2, where T is  the t id a l  period and h0 the 
c h a r a c t e r i s t i c  water depth. The following sca l ings  are  used to non- 
dimensional ize  the equat ions:
t  = a ' \
n = n0nn
x = Lxn = (gh0)^ a_1xn
u = (gh)"1 n 0h^1un = (gh~1)'2 n 0u{
K  = N™ Nn z zm n
w (Nzmw) 2 « 0h0 Wn (2.17)
where the subscr ip t  n denotes the  normalized va r iab le  ( I a n n ie l lo ,  1977), 
The non-dimensional form of equation (2.16) i s :
3u„ n0 3u„ 3u„ 3n . 3u„
where each term is  of the order  one. The c o e f f i c i e n t  of the  non­
l in e a r  terms, n j h0, i s  of the order ICf1; th e re fo re ,  these  terms are 
neglected, and the eddy v i sc o s i ty  equation to be considered is  
obtained:
3 u  _  „  3 n  , 3 / 11 3U \ 
M " '9  3x + W (NZ 3?' (2.19)
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The Eddy Viscosity  Coeffic ien t
The eddy v i s c o s i ty  model equation (2.19) i s  the l inea r iz ed  longi­
tudinal  momentum equation fo r  mean v e loc i ty .  This equation can be 
solved fo r  the mean v e lo c i ty ,  u ( z , t ) ,  once the eddy v i sc o s i ty  coef­
f i c i e n t  has been sp e c i f ied .
The functional  form of the eddy v i scos i ty  c o e f f i c i e n t  can be 
se lec ted  based on the physical p roper t ies  of the flow. The general 
approach used in specify ing  Nz (z) i s  to define i t  as a product of a 
tu rbu len t  length sca le  £ and the tu rb u len t  ve loc i ty  sca le  u .^. The 
most basic  assumption is  constant  length and ve loc i ty  s c a le s ,  fo r  
which Nz (z) = k£0ut , and is  cons tan t ,  where k i s  von Karman's cons tan t ,  
£0 the i n i t i a l  length s c a le ,  and ut  i s  the  tu rbu len t  ve loc i ty  sca le .  
This i s  u n r e a l i s t i c  near the bottom since length scales  assoc ia ted  with 
f lu id  p a r t i c l e  motion must decrease due to the presence of the bound­
ary. An a l t e r n a t iv e  i s  to assume th a t  the length sca le  of the  f lu id  
motion is  proportional  to the d is tance  from the bottom; then N (z) = 
kut (£0 + z ) .  The l i n e a r  approximation is  an improvement over the 
assumption of constant  eddy v i s c o s i ty ,  but r e s u l t s  in Nz being maxi­
mized a t  the surface .  This is  again u n r e a l i s t i c ,  as the v e r t i ca l  
motion of momentum exchanging f l u id  p a r t i c l e s  i s  impeded by the 
surface .  However, s ince the  e r ro r  in Nz occurs near the surface  where 
the curren t  ve loc i ty  g rad ien t  i s  very small ,  i t  can be argued th a t  
th i s  e r ro r  i s  not s i g n i f i c a n t .  This problem can be avoided through an 
improved second order approximation, Nz ( z ) = kut (£0 + z) - ez2, where 
e i s  a constant .  In view of the id ea l i z a t io n s  made thus f a r  in the 
mathematical model and the e r r o r  inherent in the f i e l d  measurements
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to which the theory is  compared, there  i s  probably l i t t l e  accuracy 
gained by extending the model to a higher order  depth dependence.
Thus, the following depth dependence forms of the eddy v i sc o s i ty  coef­
f i c i e n t  wil l  be considered:
The formulation of the problem presented above, u t i l i z i n g  a depth 
dependent eddy v i s c o s i ty  c o e f f i c i e n t ,  i s  b a s ica l ly  s im i la r  to the 
approach used by Johns (1966) and Kajiura (1964).
Fourier  Series  Representat ion of Current Velocity 
and Pressure Gradient 
Since the  pressure  g rad ien t  conta ins a number of  d i s c r e te  har­
monic c o n s t i t u e n t s ,  the  mean curren t  ve loc i ty  and the  surface  slope 
induced pressure  g rad ien t  are represented by Fourier  s e r ie s  equat ions:
constant  = k£0u^ .
l i n e a r  = kut (£0 + z)
parabolic= kut (£0 + z) - ez2 ( 2 . 2 0 )
CO
u ( z , t )  = I [un (z ) cos(not)  + b (z) s in (n a t ) ]  
n=l n n
9 fx  = E [ rn cos(n a t ) + sn s i n (n a t )]n=l
( 2 . 2 1 )
S ubs t i tu t ing  these r e l a t i o n s  in equation (2.19) y i e ld s :
I [-a na s in(nat)  + b na cos(nat)] = 
n=l
00
- I lTn cos(nat) + s n sin(nat)]  + 
n=l
fz Nz Iz  ^ [an cos(nat) + bn s i n (nat)]
Equation (2.22) can be m u lt ip l ied  by 
2 t t
°  cos(Aat)dt
'o
where A i s  an in tege r .  Using the or thogonal i ty  r e l a t io n s
2 t t  
o s in (n a t )  cos(Aat)dt  = 0
o
2 tt
a cos(not)  cos(Aat)dt  = 6 2tr An a
y ie ld s :
y b na6 
n=l n n -Jl  rn + 3?  Nz 3z an SnA
This equation s im p l i f i e s  to:
y [b„ no = - r  + t t t  N, -r- a i  1 n n dz z dz nJn-1
S im ila r ly ,  (2.22) can be m ult ip l ied  by: 
s in(Aot)d t
2 tt
a
and an equation corresponding to equation (2.26) i s  obtained:
( 2 . 2 2 )
(2.23)
(2.24)
(2.25)
(2.26)
(2.27)
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00 j j
Y [ - a n a  = -s  + t -  N - r -  b ] S  L n n dz z dz nn= l
(2.28)
Analysis o f  t i d e  data  shows th a t  the semi-diurnal component of 
surface slope is  two orders of magnitude l a r g e r  than any of  the  other  
harmonics. Thus, fo r  f i r s t  order  accuracy, only the  semi-diurnal 
harmonic need be considered:
In t h i s  model, where a s ing le  harmonic i s  used, the time v a r ia t io n  of
function of the v e r t i c a l  ve lo c i ty  g rad ien t .  Thus, t h i s  model allows 
the s t r e s s  to  be out of phase with the cu r ren t  v e lo c i ty ,  which the 
quadra t ic  s t r e s s  law does not.
Additional accuracy may be obtained by including addit ional  har­
monics, or  including the time dependence of  the  eddy v i s c o s i ty  coef­
f i c i e n t .  These are  secondary e f f e c t s ,  however; thus ,  i f  they are 
included, the non- l inear  terms must a lso  be included. In add i t ion ,  
the data s e t  i s  not s u f f i c i e n t l y  accurate  to  apply and evaluate  second 
order  fea tu re s  of  these  models.
Solution fo r  the Vertical  D is t r ib u t ion  of Current 
The f i r s t  order  l i n e a r  equations a re :
2b2o = - r 2 + 4-Nd_N __'dz z dz
da2
(2.29)
the s t r e s s  i s  a lso  a s in g le  harmonic, with amplitude and phase a
(2.30)
These equations can be transformed to one second order  equation in the 
complex domain through the  following su b s t i t u t io n s :
where the real p a r t  of  U i s  the so lu t io n .  The so lu t ion  depends on the 
form of  Nz and the boundary condit ions .  The so lu t ions  fo r  each of the 
three  funct ional  forms of  Nz are  presented here ,  and the  d e t a i l s  of 
how the so lu t ions  are  obtained are  presented in Appendix I.
Constant eddy v i sc o s i ty :
Re {Uel2crt} = a 2 cos(2ct)  + b2 s in (2 a t )
Re {Sei 2 a t } = r 2 cos(2at)  + s 2 s in (2 a t ) (2.31)
and the r e s u l t in g  equation i s :
(2.32)
Nz = k£0ut
(2.33)
where m = ( — )'z (1 + i)
Linear eddy v isco s i ty :
Nz = kut  U 0 + z)
U£ = Re { [ ^ | +  C3(Ber(x) + i Bei(x))  + 
C jK er (x )  + i Kei(x))] e l 2 a t > (2.34)
where Ber, B e i , Ker, and Kei are  Kelvin funct ions with the
26
argument
8a \ ^ „\ihU . * I »
Parabolic  eddy v i s c o s i ty :
Nz = kut  U 0 + z) - e z 2
Up = Re {C §  + C5Pv (y) + C6Qv ( y ) ] e i 2 0 t } (2.35)
where P^ and Qv are  Legendre functions fo r  which
V = -% + HO -
and the argument i s :
ku. £nku. k2u? i
y = ( z - ^ )
Boundary Conditions 
The constan ts  Cx through C6 must be determined through boundary 
condit ions .  Kajiura (1964, 1967), Johns (1969), McGregor (1972), and 
Smith (1977) have each presented s im i la r  l i n e a r  t h e o r i e s ,  from which 
so lu t ions  fo r  v e lo c i ty  and s t r e s s  p ro f i l e s  are  obtained using boundary 
condit ions of  no s t r e s s  a t  the su r face ,  and no s l i p  a t  the  bottom. For 
n eg l ig ib le  wind s t r e s s ,  the boundary condit ion a t  the  surface (z = H) 
i s  t h a t  the  s t r e s s  be zero:
(pNz H ) I Z. H “ 0 <2 -36>
Since the  boundary condit ion does not vary in time,
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( p N z f ) l z =H= 0 (2-37)
which s im p l i f i e s  to :
e I i - H  = 0 (2 -38)
The no s l i p  bottom boundary condit ion s t a t e s  t h a t  the ve loc i ty  a t  the 
bottom (z = 0 ) must be zero:
u | z=0 -  0 (2.39)
Since the boundary condit ion does not vary in time,
U| z=0 = 0 (2.40)
Applying these boundary condit ions to the so lu t ions  presented above, 
the constants  are  evaluated.
Constant eddy v i sc o s i ty :
C, =  ~i s  -  n -  (2-41)
2a(l  + e )
C„ = ~1S
2 2a(l  + e " 2mH)
Linear eddy v i sc o s i ty :
q  __________ i sQ K er ' fx ^ )  + iK e i ' ( x H)]]_______________
2a{ £ B e r '  (x^) + iB e i ' ( x H) ]  QKer(x0) + iKei(x0) ]
-Q K er '  (xH) + iK e i ' ( x H)]] [^Ber(x0) + iBei(x0) J >
i
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- i s  [ ]B er ' (xH) + i B e i ' ( x H)]]
Ct ~ 2 a { r B e r ' ( x H) + iB e i ' (xH) ]] QKer(xQ) + iKe i(xQ) J
- Q K e r ' ( x H) + iK e i ' (x H) ]  ^ B e r ( x 0) + iB e i (x 0) ] }  (2.42) 
Parabolic eddy v i s c o s i ty :
1s [ Ixh W  ~
Cs “ 2<I<Pm<x°>[>HQm(xH) - V . < XH>H
V O C V W  ' Pm-i^xH ^ J
c  _  - i s t I x H P n i ( x H )  -  P m - i ( x H ) H
2 a f , m ( x „ ) I I x HQ m ( x H >  -  Q m - i ( x H > H
- V \ ) C xHPtn(xH) - Pm-1!xH) H } (2’43)
Another approach i s  to  specify  s t r e s s  a t  a height  hQ above the bottom. 
The height  h 0 i s  chosen to be above the level of la rge  sediment concen­
t r a t i o n s  assoc ia ted  with bedload t r a n s p o r t ,  and to  s a t i s f y  the condi­
t ion  £0« h 0« H .  Thus the  ve loc i ty  p r o f i l e  so lu t ion  i s  r e s t r i c t e d  to 
values z>hQ.
This approach has two advantages. F i r s t ,  the lower boundary 
condit ion need not be applied a t  the bottom, but may be imposed above 
the bottom in order  to  exclude the complex flow environment the re .  I f  
h0 i s  small compared to  the water depth, the s t r e s s  used in the  boun­
dary condit ion d i f f e r s  l i t t l e  from the bottom s t r e s s .  Second, the 
so lu t ion  fo r  the curren t  p r o f i l e  conta ins terms l in e a r ly  proport ional  
to  the  bottom s t r e s s  amplitude. This allows the th eo re t ic a l  so lu t ion
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to be f i t t e d  to t id a l  cu r ren t  data to  i n f e r  s t r e s s  near the  bottom.
The bottom s t r e s s  i s  represented by a Fourier  s e r i e s :
00 . _
Tb = Re{ £ Tn e ) (2-44)n=i
The eddy v i s c o s i ty  model r ep resen ta t ion  of  bottom s t r e s s  i s :
Tb ° RetNz a t  e12a t >iz=h o (2-45)
Thus only the f i r s t  term in equation (2.44) i s  used in the  bottom 
s t r e s s  boundary condit ion:
T 2 e 1 2 0 t  ■  < N z 3 ? e i 2 O t > U 0  < 2 ' « >
which reduces to:
Ta = kut ht §  (2.47)
Applying t h i s  boundary cond i t ion ,  in conjunction with the  no surface  
s t r e s s  condit ion to  the  so lu t ions  presented above, new expressions are  
obtained fo r  the constants  Cx through C6.
Constant eddy v i sc o s i ty :
T2c ,  =
1 mi0kut (l - e2mH)
C2 = -----------— -------s r  (2-48)
ml„kut (l - e )
Linear eddy v isco s i ty :
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T2r K e r ' ( x H) + iK e i ' (xR)
C3 " (2£0kut o)"2 { [ [ B e r ' ( x 0) + i B e i ' ( x 0)^J
(3Ker'(xH) + i Kei ' ( xH) ]  -  r Ke r ' ( x 0) + i Ke i ' ( x0) ^
QBer' (X|_|) + i B e i 1 (xH) ] }
-TaQBer1 (xH) + i B e i ' ( x H) J  
“ (2£0kut a )^  { Q B e r ' ( x 0) + i B e i ' ( x 0)[]
Q K er ' (x H) + i K e i ' ( x H) 3  - Q K e r ' (x 0) + i K e i ' ( x 0) ]
Q B e r ' (x H) + B e i ' (xH)^]} (2.49)
Parabolic  eddy v i s c o s i ty :
c _ (4 e i ,  + - qm -i(xH n
2H0c(kut )’5 { [ I x oPm( x o) - Pm - i ( x ° ) H
HxHQm(xH) ‘ Qm-i(xH>3 ‘ CxoQm<xc,> ’ V . <x«>3 
CxHPn/xH* " Pm-i*xH ^ }
Cs ,, - (4g£. + - W XH>3
2l,e(kut )H { C x 0Pm(x0) - Pm_, ( x „ )□
L XHW  -  V i ( xH>3  -  C x . 0m( x 0) '  W x ° > 3  
C XH,W  '  Pm -^ XH * 3 } (2 .5 0 )
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Predict ing  Bottom Stress  and Surface Slope from Current P ro f i l e  Data 
The so lu t ions  u t i l i z i n g  the  bottom s t r e s s  boundary condition can 
be arranged in the general form:
U(z, t )  = ( t )  + S.F2( t )  + Tr F3( t )  + T ^ f t )  (2.51)
where Sr , , and Tr , are  the real  and imaginary pa r ts  of the com­
plex amplitudes of the surface  slope and bottom s t r e s s  respec t ive ly .  
This r e l a t io n sh ip  may be used d i r e c t l y  to  p red ic t  the v e r t i c a l  d i s t r i ­
bution of t id a l  cu rren t  i f  the complex surface  slope and bottom s t r e s s  
amplitudes are  known. The important app l ica t ion  of t h i s  p a r t i c u l a r  
so lu t ion  form, however, i s  in processing t id a l  cu rren t  data to  in fe r  
s t r e s s .  Because the so lu t ion  conta ins  terms l in e a r ly  proportional  to 
s t r e s s  and surface  slope amplitudes, i t  can be f i t t e d  to  curren t  data 
by ad jus t ing  s t r e s s  and slope values.  P red ic t ions  fo r  s t r e s s  and slope 
are obtained as the numerical values which provide the  best  f i t .  This 
process allows mean curren t  p r o f i l e  measurements taken over a t  l e a s t  
h a l f  a t id a l  cycle a t  a channel s i t e  to be used to  c a lcu la te  the magni­
tude and phase of Reynolds shear  s t r e s s  and pressure  grad ien t  a t  th a t  
loca t ion .  To obtain the  bes t  f i t ,  a minimum mean square e r ro r  c r i t e r i a  
is  used. The mean square e r r o r  between the th e o re t ic a l  p ro f i l e  and the
ve loc i ty  data  is  given by:
N
E -  i h  H<Ud >1 - (U)i 3 2 (2-52)
where (U^)^ = curren t  ve loc i ty  da ta  a t  ( z ^ , t ^ ) ,  = the  th eo re t ica l
expression fo r  ve loc i ty  a t  the same (space, time) po in t ,  and N = number 
of data  po in ts .  The values of S„ • and T . which give the best  f i tr , i  r 91
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are  those which minimize E, thus:
I I  -  ]  2 D u d>i - <u>i3 c - w :  = 0r  i = i
§ .  = i  2 C(Ud ),  - ( U ) ^  C - F 2Ct ) □  = 0 
1 1 =  1
l r r  = J 1 2 C ( V i  - <u>iH = 0
I t .  * 2 D u d)i - ( U ) , ]  C - F J t , ) :  = o (2.53)
These are  the four equations necessary to solve fo r  the complex ampli­
tudes of surface  slope and bottom s t r e s s .  This method i s  c a l led  the 
Extended P ro f i l e  Method.
CHAPTER III
FIELD PROGRAM
A f i e l d  program was conducted to obtain a data s e t  su i ta b le  for  
evaluat ing the eddy v i s c o s i ty  models, as well as to provide addit ional  
in s ig h t  in to  the dynamic balance. In the Extended P ro f i l e  Method, 
current  p r o f i l e  so lu t ions  are  f i t t e d  to  curren t  ve loc i ty  data  to pre­
d ic t  surface slope and s t r e s s ,  while the usual form of the eddy v i s ­
cos i ty  model p red ic ts  cu rren t  ve loc i ty  p ro f i le s  and s t r e s s  based on 
surface slope. Thus, surface  slope and near bottom s t r e s s  e s t im ates ,  
and curren t  ve loc i ty  p r o f i l e  da ta ,  must be obtained to evaluate  the 
models. A sequence of mean ve loc i ty  p ro f i l e s  was taken a t  a s i t e  
located in a s t r a i g h t  port ion of  a t i d a l  channel,  while simultaneously 
the tu rbu len t  shear s t r e s s  near the  bottom was measured d i r e c t l y .
The data was c o l lec ted  over h a l f  a t id a l  cycle (flood t id e )  in 
the main channel of L i t t l e  Bay, which i s  pa r t  of the Great Bay Estuary 
system (see f igure  2).  A schematic of the  experiment i s  presented in 
f igure  3. The local surface  slope was est imated from ava i lab le  sea 
level e levat ion  data .
Current Velocity P ro f i le s
Mean ve loc i ty  p r o f i l e  measurements were taken with a Q-15 ducted 
impel lo r  cu rren t  meter suspended from a research vessel anchored over 
the s i t e .  The curren t  meter i s  described in Appendix I I .  The data 
cons is t s  of th ree  minute time averages of curren t  ve loc i ty  taken
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Figure 2. The Great Bay Estuary System. The loca t ion  of  the L i t t l e  
Bay curren t  p r o f i l e s  and s t r e s s  measurements i s  indicated 
by • .  The Adams Point and Bellamy River Bridge t id e  gauge 
loca t ions  a re  indicated  by ▲.
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Figure 3. Deployment of  the Current Meters. Mean curren t  ve loc i ty  a t  
several depths was measured with a conventional cu rren t  
meter to determine the mean ve loc i ty  p r o f i l e .  At the  same 
time, an e lectromagnetic  cu r ren t  meter was used to  measure 
the  tu rb u len t  ve lo c i ty  f lu c tu a t io n s  one meter above the 
bottom, from which the Reynolds s t r e s s  was ca lcu la ted .
i
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seq uen t ia l ly  a t  heights of  1, 2, 3, 5, 8 meters above the bottom.
This data  was processed to obtain the amplitude and phase of the semi­
diurnal  harmonic a t  each height .
The frequency of p r o f i l i n g ,  the  record length a t  each depth, and 
the number o f  depths sampled in each p r o f i l e  must be considered in 
determining the sampling s t r a te g y .  The semidiurnal t i d a l  component is  
dominant in the Great Bay Estuary system; thus ,  the t id a l  cu rren t  has 
a period of  12.4 hours. For a cu r ren t  varying s in u so id a l ly  a t  t h i s  
frequency, the  maximum change in c u r ren t  v e lo c i ty  in one hour i s  25 
percent ,  and in h a l f  an hour 13 percent .  Therefore,  the  curren t  
ve loc i ty  p r o f i l e s  were repeated every h a l f  hour.
The length of the cu rren t  meter record a t  each depth must be 
adequate to  define  the  mean curren t  v e lo c i ty .  Dyer (1973) suggests 
th a t  a record length o f  100 seconds determines a r ep re se n ta t iv e  mean 
v e lo c i ty ,  while Swenson e t  a l . (1977) used a record length of 60 
seconds to  define  the  mean ve loc i ty .  However, the  minimum poss ib le  
record with the Q-15 e le c t ro n ic s  i s  180 seconds; th e re fo re  t h i s  was 
used as the record length .
The number of  depths which can be sampled in each p r o f i l e  i s  
l imited by the p r o f i l in g  frequency and the record length a t  each depth. 
For the se lec ted  record length of th ree  minutes, i t  takes about f ive  
minutes to sample each depth, and f iv e  minutes between p r o f i l e s .  Since 
a p r o f i l e  must be completed every h a l f  hour, a maximum of  f iv e  depths 
can be sampled. The cu rren t  ve lo c i ty  g rad ien t  i s  l a r g e s t  near the 
bottom (Swenson e t  a l . ,  1977); th e re fo re  the samples are  more c lose ly  
spaced th e re .  Mean low water depth a t  the experimental s i t e  i s  about 
ten meters. From these cons idera t ions ,  the  sample depths were se lec ted
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to be 1, 2, 3, 5, 8 meters above the  bottom. The sampling e levat ions  
are referenced to the  bottom. This provides a f ixed reference  frame, 
and allows the pos i t ion  of the samples to be determined more accura te ly  
near the  bottom, which is  important s ince the l a r g e s t  g rad ien ts  occur 
there .
The cu r ren t  speed, as measured by the 0-15 curren t  meter , was 
recorded on a Rustrak s t r i p  char t  recorder .  The recorder ,  c a l ib ra ted  
as pa r t  of the cu r ren t  meter system, has two sca les  of ope ra t ion--  
0-50 cm/sec, and 0-250 cm/sec--and ran a t  a speed of 60 cm/hour. The 
accuracy of the cu rren t  meter i s  ±3 percen t ,  and the accuracy with 
which the s t r i p  char t  could be read is  t5  cm/sec fo r  the  0-250 cm/sec 
sca le .  The beginning of each record was marked manually on the s t r i p  
c h a r t ,  and the time each p r o f i l e  s t a r t e d  and ended was recorded. The 
s t r i p  char t  was d ig i t i z e d  manually, convert ing the analog signal a t  
f ive  points  spaced a t  0.625 cm (37.5 seconds) in te rv a l s  fo r  each 
record. The time fo r  each data poin t  was determined by the s t a r t  time 
of the p r o f i l e  and the pos i t ion  of the  data on the s t r i p  ch a r t .  The
mean cu rren t  speed fo r  each record was obtained by averaging the f ive
data po in ts .  The corresponding time of the mean cu rren t  measurement 
was taken to be the average time of the f ive  data po in ts .  The data se t  
is  composed of 40 mean v e lo c i ty  data  points  with corresponding depths 
and times. The data s t a r t s  approximately 1.5 hours a f t e r  low slack 
water, and continues to  high s lack water . Since only one h a l f  of a 
semi-diurnal t id a l  cycle has been measured, the  asymmetries between the
flood and ebb t i d e  cannot be resolved.
Turbulence Measurements
Turbulent v e lo c i ty  measurements were made using a Marsh-McBirney 
Model 727 electromagnetic  cu rren t  meter mounted on a bottom platform.
The data was recorded on a Sea Data c a s s e t te  data logger (see Appendix 
II fo r  a d e sc r ip t io n  of  the ins truments) .  The curren t  meter was used 
to measure f l u id  ve lo c i ty  components in the v e r t i c a l  and longitudinal  
(mean curren t )  d i r e c t io n s  a t  a height of one meter above the bottom.
The curren t  meter was held in t h i s  pos i t ion  by the platform shown in 
f igure  4. I t  i s  not poss ib le  to measure the v e r t i c a l  shear s t r e s s  a t  
the bottom with t h i s  instrument.  Thus, the  measurement was made a 
small d is tance  above the bottom. This avoids poss ible  problems due to 
large sediment concentra t ions near the  bottom, bed load t r a n s p o r t ,  or 
flow dis turbances  c reated  by the platform base. The e f f e c t iv e  s ize  of 
the probe 's  magnetic f i e l d  defines a length scale  fo r  the  curren t  meter 
measurement of approximately 30 cm, so the  smalles t  eddy s ize  th a t  can 
be measured without a l i a s in g  i s  60 cm. Based on mixing length theory,  
the c h a r a c t e r i s t i c  s i z e  of  the l a r g e s t  eddies is  approximately equal to 
the dis tance  from the boundary; the re fo re  the cu rren t  meter must be 
mounted a t  l e a s t  60 cm above the bottom. Based on these cons idera t ions ,  
a height  of one meter was se lec ted  fo r  the measurement, which wil l 
d i f f e r  from the to ta l  bottom s t r e s s  by approximately ten percent.
The sampling r a t e  is  l imited by the instrumentat ion.  The e l e c t r o ­
magnetic cu rren t  meter has a minimum in tegra l  time sca le  of 0.2 seconds 
assoc ia ted  with the  e l e c t r o n i c s ,  allowing a maximum sampling r a t e  of 
f ive  samples per second. The sampling ra te  of  the data logger is  
l imited by the  speed of the tape t r an spo r t  to a maximum of four samples
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Figure 4. Instrument Platform. The electromagnetic cu rren t  meter was 
mounted on a platform in a horizontal  pos i t ion  one meter 
above the bottom. The platform was designed to a l ign  the 
instrument with the mean flow and hold i t  steady without 
i n te r f e r in g  with the  flow.
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per second. Operating a t  t h i s  r a t e  i s  marginal ,  however, and makes the 
data c a s s e t t e  extremely d i f f i c u l t  to read. The length scale  associated 
with the volume measurement of  the e lectromagnetic  cu rren t  meter--30 cm 
--and the maximum mean curren t  v e loc i ty - -60  cm/sec--define a sampling 
r a t e  of two samples per second.
The ob jec t  of the  measurement i s  to  determine the v e r t i ca l  and 
longitudinal  components of turbulence from which the v e r t i c a l  Reynolds 
s t r e s s  can be ca lcu la ted .  An experiment was conducted in which the 
turbulence was measured a t  four samples per second, corresponding to 
0.25 second averages of  v e lo c i ty ,  the maximum ra te  allowed by the 
instrumentat ion.  The time average value of  Reynolds s t r e s s ,  the ver­
t i c a l  and longitudinal  rms v e l o c i t i e s ,  and the c o r re la t io n  c o e f f i c i e n t  
were ca lcu la ted  fo r  t h i s  data  s e t .  The same data was then mathemat­
i c a l l y  averaged to produce new data  s e t s ,  based on the same da ta ,  with 
averaging in te rv a l s  of 0 .5 ,  1, 2, 4, 8 , and 16 seconds. The ca lcu­
la t io n s  were repeated fo r  each s e t  to  determine the e f f e c t  of  sampling 
r a t e  on these parameters. The r e s u l t s ,  presented in tab le  1, show th a t  
increas ing the averaging in te rva l  to  four seconds has l i t t l e  e f f e c t  on 
the Reynolds s t r e s s  fo r  t h i s  record.  However, the v e r t i ca l  and long i­
tudinal  rms v e lo c i t i e s  decrease with increas ing averaging in t e r v a l ,  
and th e re fo re  the c o r r e l a t io n  c o e f f i c i e n t  increases .
Based on these r e s u l t s ,  a sampling r a t e  of two samples per second 
was se lec ted .  This sampling r a t e  i s  more than adequate to determine 
the Reynolds s t r e s s ;  however, i t  was se lec ted  because i t  provides 
b e t t e r  reso lu t ion  of the o ther  parameters.
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Table 1. The Effects  of Sample Averaging Interval  on
Reynolds S tress
; Averaging Reynolds RMS Velocity C o r re la t -
Interval S tress Long. Vert. Coefficie
(sec) (dn/cm2) (cm/s) (cm/s)
0.25 11.11 3.87 7.13 0.400
0.50 11.25 3.80 7.07 0.419
1.0 11.30 3.71 6.89 0.442
2.0! ■ 11.16 3.52 6.62 0.478
4.0 11.09 3.38 6.01 0.545
8.0 7.96 2.78 4.91 0.582
16.0 7.11 2.58 4.49 0.612
L
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Current Velocity P r o f i l e  Data
The curren t  v e lo c i t i e s  were measured a t  each of f iv e  depths a t
h a l f  hour i n t e r v a l s ;  thus ,  the  data is  presented as a time se r i e s  a t  
each depth,  and as p r o f i l e s  a t  one h a l f  hour i n t e r v a l s .  Time se r i e s  
p lo ts  of the cu rren t  data  are  presented in f igu re  5. The data  in d i ­
cates  t h a t  add it ional  harmonics may be s i g n i f i c a n t ,  but the time se r ie s  
i s  not long enough to determine the importance of these addit ional  
harmonics. However, the curves can be approximated by a s inusoid with 
less  than ten percent  e r r o r .  Current p ro f i l e s  are  presented in f igu re  
6 . The data fo r  each p r o f i l e  is  not synoptic;  however, each p r o f i l e  
was completed in approximately twenty minutes, which means the  e r ro r
assoc ia ted  with considering them as synoptic i s  less  than ten percent .
Calculat ion of  Reynolds S t ress  
The v e r t i c a l  and longitudinal  components of the tu rbu len t  cu rren t  
ve loc i ty  were measured, and must be processed to obtain es t imates  of 
the Reynolds s t r e s s .  The computation is  based on the eddy c o r r e la t io n  
method, in which the product of v e r t i c a l  and longitudinal  ve loc i ty  
f luc tu a t io n s  i s  averaged to es t imate  the s t r e s s .  Thus, the tu rbu len t  
ve loc i ty  measurements must be processed to  y ie ld  the v e lo c i ty  f l u c t u ­
a t io n s ,  and then an appropr ia te  averaging process c a r r ied  out.
The d e te rm in is t ic  ve loc i ty  must be ca lcu la ted  and removed from 
each record to obtain the tu rbu len t  ve lo c i ty  f lu c tu a t io n s  from which 
the Reynolds s t r e s s  i s  computed. This ve loc i ty  is  determined by 
f i t t i n g  a polynomial to  the data using l e a s t  squares techniques.  
Polynomials of order 0, 1, 2, and 3 were considered by computing the
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Figure 6 . Current Velocity P ro f i le s  a t  approximately one ha l f  hour in te rv a ls  over a flood t id e .  The 
horizontal  bar i s  an est imate of the 95% confidence in terval  fo r  each data point.
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s t r e s s  based on the tu rbu len t  ve loc i ty  f lu c tu a t io n  data se t  obtained 
using each order of polynomial to  remove the d e te rm in is t ic  ve loc i ty .  
Based on these r e s u l t s ,  presented in tab le  2, a second order poly­
nomial was se lec te d ,  because the  d i f fe rence  between s t r e s s  obtained 
fo r  the second and t h i r d  order polynomials i s  small compared to the 
values of the s t r e s s .
Reynolds s t r e s s  i s  an ensemble averaged quanti ty  by d e f in i t io n .  
Since i t  is  not possible  to ca lcu la te  an ensemble average from th i s  
data s e t ,  a time average is  used to est imate  the Reynolds s t r e s s .  
Therefore the record length must be long enough to allow a meaningful 
average to be completed. The product of the ve loc i ty  f lu c tu a t io n s ,  
the time average of  which is  the Reynolds s t r e s s ,  does not have a 
Gausian d i s t r ib u t io n  (Heathershaw, 1976). Therefore there  is  no 
e s tab l ished  th eo re t ic a l  basis fo r  r e la t in g  the length of the time 
average to the corresponding accuracy of the Reynolds s t r e s s  ca lcu la ­
t io n .  The unsteady nature  of the flow complicates the  problem, as the 
longer the time average, the g rea te r  the e f f e c t s  of overal l  changes in 
the flow (Stewart,  1974). Based on th i s  cons idera t ion ,  the maximum 
average length is  se lec ted  to be 30 minutes, which corresponds to the 
p ro f i l in g  frequency. An experiment was performed to determine an 
adequate averaging time. A record 30 minutes in length was processed 
to obtain the longitudinal  and v e r t i c a l  components of  tu rbu len t  
ve loc i ty  f lu c tu a t io n s .  The Reynolds s t r e s s  was ca lcu la ted  fo r  th i s  
record using time averages of 2 .5 ,  5, 10, 15, and 30 minutes, the 
r e s u l t s  of  which are  presented in tab le  3. The variance and standard 
deviation have been ca lcu la ted  fo r  the Reynolds s t r e s s  obtained using 
each of the averaging times. I t  is  apparent from these r e s u l t s  th a t
Table 2. Reynolds S t ress  Based on the Order of Polynomial Used to
Remove the Reference Velocity
Reynolds Stress
Record Order of Polynomial
0 1 2 3
1 44.49 33.41 33.42 33.05
2 75.32 35.11 31.69 31.32
3 160.45 13.21 13.00 13.01
4 160.23 39.48 38.98 37.00
5 132.09 17.34 12.01 12.02
6 135.69 8.35 8.52 8.68
7 131.04 19.13 18.76 17.32
8 94.45 19.90 19.83 18.23
9 70.18 13.17 13.18 11.21
10 87.60 16.66 10.24 10.29
11 63.93 10.68 9.75 9.48
12 47.69 6.84 6.88 6.87
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time averages of  a t  l e a s t  ten minutes are necessary to adeauately 
determine the Reynolds s t r e s s .
Based on these experiments, a second order polynomial was used to 
remove the d e te rm in i s t ic  curren t  ve loc i ty  from twelve ten-minute t u r ­
bulence records ,  and the Reynolds s t r e s s  was estimated fo r  each of the 
records. Confidence l im i ts  were computed fo r  each s t r e s s  est imate 
using standard techniques (Bendat and P ie r so l ,  1971). Due to the 
in te rm i t t e n t  nature of the turbulence ,  a few la rg e ,  w e l l -co r re la ted  
events of several seconds durat ion provide most of the s t r e s s .  There­
fo re ,  although each record has 1200 data p o in ts ,  they are not a l l  
independent (Heathershaw and Simpson, 1978). Thus, the number of 
independent samples was estimated fo r  each record ,  and confidence 
l im i ts  ca lcu la ted  based on th i s  number of independent samoles. In 
general ,  the records with higher s t r e s s  had p ropor t iona te ly  la rge r  
confidence l im i t s  than records with lower s t r e s s .  This occurs because 
records with high s t r e s s  have more co rre la ted  events ,  which leads to  a 
higher variance and a lower number of independent sameles. The e s t i ­
mated Reynolds s t r e s s  and 95 percent  confidence l im i ts  are presented 
in f igure  7. There i s  a large s c a t t e r  in the data r e su l t in g  from the 
in termit tency  of the turbulence ,  and the l imited  amount of data a v a i l ­
able. Collect ing add it ional  data se ts  a t  the same location and using 
a combination of time and ensemble averaging to est imate  the s t r e s s  
would reduce the s c a t t e r  and improve the confidence l im i ts .
Other sources of e r r o r  in the Reynolds s t r e s s  est imate are  the 
accuracy of the electromagnetic curren t  meter measurements of t u r ­
bulence, and determining an appropria te  frame of reference fo r  the 
tu rbu len t  f lu c tu a t io n  components.
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I Table 3. The Effects  of the  Length of the Time Average on
[ Reynolds S tress
£f;
I
[: Length of Time Average (Min)
2.5 5 10 15 30
1 6.07
4.35
2 2.63
3.01
3 3.09
1.68
4 0.26
3.55
5 2.35
4.62
6 6.90
3.28 3.34
7 1.36
1.94
8 2.52
3.14
9 3.21
3.89
10 4.58
3.74
11 3.07
3.59
12 4.11
Variance 3.16 1.29 0.09 0.04 -
Standard
Deviation 1.78 1.14 0.30 0.21 -
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Figure 7. Reynolds S tress  Estimates from Turbulence Measurements one meter above the bottom. The 
v e r t i ca l  bar i s  the estimated 95% confidence in te rv a l .
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The p rec is ion  of the  electromagnetic  cu rren t  meter i s  as follows: 
Long term zero d r i f t  <2 cm/sec 
L inear i ty  ±2 percent  
E lectronic  noise (rms) 2 cm/sec 
Absolute c a l ib r a t io n  ±2 percent 
The mean curren t  is  removed from the data in the form of a second order 
polynomial; th e re fo re ,  the long term zero d r i f t  e f f e c t s  are  removed, 
and absolu te  c a l ib r a t io n  is  meaningless, as the ve loc i ty  f lu c tu a t io n s  
are r e l a t i v e  to  the reference  ve loc i ty  which has been removed.
L inear i ty  wil l  a f f e c t  the  ve loc i ty  f l u c tu a t io n s ,  but two percent  
v a r ia t io n  in the ve loc i ty  f luc tu a t io n s  leads to only four percent 
v a r ia t io n  in Reynolds s t r e s s ,  which is  small when compared with the 
confidence l im i ts  of the s t r e s s .
The e le c t ro n ic  noise can a f f e c t  the s t r e s s  c a lcu la t ion  s i g n i f ­
i c a n t ly ,  however. I f  the  noise in each channel i s  highly c o r r e l a t e d ,  
i t  can lead to e r ro r s  in Reynolds s t r e s s  as large  as 4 dynes/cm2.
Thus, values of Reynolds s t r e s s  below 4 dynes/cm2 are  suspec t ,  and are 
not considered.
The o r i e n ta t io n  of  the cu rren t  meter with respec t  to the flow is  
important to the Reynolds s t r e s s  c a lcu la t ion .  When the instrument is  
t i l t e d  from the d i rec t io n  of mean flow, the ve loc i ty  f lu c tu a t io n  
components are not measured properly ,  which leads to inco r re c t  values 
for  the Reynolds s t r e s s .  Tochko (1978) evaluates th i s  e r r o r  using the 
following expression:
e r ro r  = 0 (w2 - IT2) (3.1)
where 0 i s  the misalignment angle ,  w2 and IT2 are  the  v e r t i c a l  and
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longitudinal  variance resp ec t iv e ly .  Based on th i s  expression, fo r  the 
L i t t l e  Bay data  s e t ,  misalignments of f ive  and ten degrees r e s u l t  in 
approximately 15 to 20 percent  and 30 to 40 percent e r ro r  in the s t r e s s  
est imate re sp ec t iv e ly .  In order to e l iminate  t h i s  e r r o r ,  the appro­
p r i a t e  refe rence  frame must be e s tab l i sh ed ,  and the curren t  vector 
components ro ta ted  appropr ia te ly .  The frame of reference  could be 
defined in several ways: (1) the mean flow s t ream line ,  (2) p a ra l le l
to the bottom, or (3) the g rav i ta t io n a l  f i e l d  v e r t i c a l .  I t  i s  not 
c l e a r ,  however, which of these th re e ,  i f  any, is  the appropria te  
reference  frame.
The curren t  meter was mounted on i t s  platform such th a t  one axis 
was p a ra l le l  to  the platform base, and thus a lso p a ra l le l  to  the 
bottom. The change in s t r e s s  incurred by ro ta t in g  the data from the 
reference  frame of  the  platform has been computed, and i s  presented in 
t ab le  4. The data  has been ro ta ted  through angles of -10,  -5 ,  5, and 
10 degrees ,  and the r e s u l t in g  s t r e s s  computed. I t  can be seen th a t  
Tochko's e r r o r  es t imates  are appropria te  fo r  the L i t t l e  Bay data se t .
No t i l t  co rrec t ion  has been made to the da ta ;  thus ,  based on the above 
es t im ates ,  the  ca lcu la ted  s t r e s s  values may be in e r ro r  by ±20 percent 
or more.
Surface Slope Calcula tions
L i t t l e  Bay i s  t i d a l l y  dominated, with the net f resh  water inflow 
over a t id a l  cycle l e s s  than one percent  of the t id a l  prism. As a 
r e s u l t ,  the net surface  slope,  estimated to be approximately 1 x 10” 6, 
i s  small compared to the  t id a l  surface s lope ,  which is  approximately 
3 x 10"5. Since the net  surface slope is  small ,  mean sea level can be
Table 4. Change in Reynolds S tress  from Rotating the Frame of Reference
Reynolds S tress  (dynes/cm2)
Record Angle of Rotation
-10 -5 0 5 10
1 23.08 27.37 33.42 33.35 34.84
2 22.26 27.20 31.69 34.49 36.61
3 8.98 11.16 13.00 14.46 15.47
4 23.10 30.19 38.98 41.42 45.22
5 5.43 8.86 12.01 14.82 17.16
6 4.59 6.74 8.52 10.36 11.72
7 10.40 14.07 18.76 20.04 22.15
8 11.60 15.15 19.83 20.77 22.67
9 6.50 8.95 13.18 12.96 14.41
10 6.78 8.67 10.24 11.60 12.56
11 6.42 8.07 9.75 10.60 11.40
12 3.51 5.27 6.88 8.26 9.40
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used as the  absolute  reference  between two t id e  s t a t io n s  with f i r s t  
order accuracy. Data was co l lec ted  a t  Adams Point by the Universi ty  
of New Hampshire, and a t  the  Bellamy River Bridge by the National 
Ocean Survey during the summer of 1975 (Swenson e t  a l . ,  1977). Mean 
sea level was ca lcu la ted  fo r  each s t a t i o n .  The d i f fe rence  in sea level 
e levat ion  between the two time se r ie s  was ca lcu la ted  using mean sea 
level as the absolute  refe rence .  The average local surface slope was 
estimated by dividing the d i f fe rence  time se r ie s  by the d is tance  
between the two s t a t i o n s .  The root  mean square of the d i f fe rence  time 
se r ie s  is  12 cm, and the average surface slope amplitude fo r  the time
se r ie s  i s  3.8 x 10” 5.
The surface slope fo r  the day of the  experiment must be est imated 
from t id e  p red ic t ions .  There are  two methods by which th i s  can be 
accomplished. F i r s t ,  sea level e levat ion  can be predicted a t  each 
s t a t i o n ,  and surface slope ca lcu la ted .
The harmonic co n s t i tuen ts  were determined fo r  each s t a t io n  through 
harmonic analys is  of the  data . The amplitude and phase of the major 
co ns t i tu en ts  are  presented in tab le  5. From sea level predic t ions  
using only the M2 c o n s t i tu e n t ,  a surface slope amplitude is  obtained. 
However, based on the confidence l im i ts  fo r  the M2 c o n s t i tu e n t s ,  the
amplitude can range from 0 to 15.6 x 10- 5, with phase v a r ia t io ns  of
±1.6 hours. Thus, t h i s  method is  not su i ta b le  fo r  est imating surface 
slope due to the uncer ta in ty  of the harmonic c o n s t i tuen ts .
The second method involves analyzing the sea level d i f fe rence  
time se r i e s  fo r  harmonic cons t i tuen ts  and pred ic t ing  the d i f ference  
d i r e c t l y .  The major harmonic cons t i tuen ts  fo r  the d if fe rence  time 
se r ie s  are  presented in tab le  6 . From a pred ic t ion  using only the M2
Table 5. Sea Level Harmonic Consti tuents fo r  Adams Point and Bellamy 
River Bridge, and the 95 Percent Confidence Limits
Adams Point
Const i tuent  Amplitude (cm) Local Phase (deg) 
M2 88.1 ±22.0 29.78 ±14
N2 19.5 ±4.5 0.07 ±13
S2 12.1 ±4.8 75.73 ±23
01 9.7 ±2.5 158.69 ±15
K1 11.4 ±3.1 176.27 ±15
Bellamy River Bridge 
Const i tuent  Amplitude (cm) Local Phase (deg)
M2 86.9 ±21.7 20.85 ±14
N2 17.9 ±4.1 357.47 ±13
S2 9.7 ±3.9 68.11 ±23
01 9.7 ±2.5 151.32 ±15
K1 11.6 ±3.1 174.17 ±15
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Table 6 . Sea Level Difference Harmonic Const i tuents  fo r  L i t t l e  Bay
and 95 Percent Confidence Limits
Const i tuent Amplitude (cm) Phase (deg)
M2 12.98 ±3.89 108.80 ±17
N2 2.27 ±1.14 35.51 ±35
S2 2.82 ±1.41 128.32 ±35
01 1.35 ±0.68 246.10 ±35
K1 1.19 ±0.60 291.34 ±35
i
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c o n s t i tu e n t ,  a surface slope amplitude of 2.9 x 10" 5 is  obtained.
Based on the confidence l im i t s  fo r  the M2 c o n s t i tu e n t ,  the amplitude 
ranges from 2.0 x 10" 5 to 3.8 x 10 5, with phase v a r ia t io n s  of ±0.6 
hours. Thus, t h i s  method was se lec ted  to est imate  the  surface  slope. 
The f iv e  major const i tuents--M2, S2, N2, 01, Kl--were used to p red ic t  
the sea level  d i f fe ren ce  as t h i s  includes the e f f e c t s  of spring and 
neap t i d e s ,  as well as the diurnal  in equ a l i ty .  The re s u l t in g  es t imate  
of surface slope amplitude is  3.4 ±.98 x 10~5 and the phase is  -0.76 
±0.83 hours.
CHAPTER IV
COMPARISON OF MODEL PREDICTIONS WITH FIELD DATA
Two v a r ia t io n s  of  the eddy v i s c o s i ty  model have been discussed.
The f i r s t  is  based upon the work of previous in v es t ig a to r s  and involves 
using a no s l i p  bottom boundary condit ion.  The surface  slope and the 
appropria te  eddy v i s c o s i ty  parameters must be spec i f ied  fo r  th i s  model, 
which then p red ic ts  the curren t  ve loc i ty  and v e r t i c a l  shear s t r e s s  as 
a funct ion o f  depth and time. These pred ic t ions  are  compared with 
cu rren t  and s t r e s s  measurements to determine the accuracy of  the model. 
Eddy v i s c o s i ty  parameters may be changed and new model p red ic t ions  made 
in an i t e r a t i v e  process to improve the comparison with f i e l d  da ta .  The 
th ree  funct ional  forms of Nz—cons tan t ,  l i n e a r ,  and parabo l ic—are 
designated as case 1, 2, and 3, r e s p e c t iv e ly ,  fo r  t h i s  method.
The second v a r ia t io n  of the  so lu t ion  form i s  used in applying the 
Extended P ro f i l e  Method. This so lu t ion  is  obtained using a lower 
boundary condit ion on s t r e s s  a t  a small d is tance  h0 above the bottom. 
The eddy v i s c o s i ty  parameters and curren t  data must be spec i f ied  fo r  
th i s  model. The th e o re t i c a l  so lu t ion  fo r  cu rren t  i s  then f i t t e d  to 
the curren t  data to solve fo r  the  surface slope and bottom s t r e s s .
The th ree  functional  forms of Nz—constan t ,  l i n e a r ,  and pa rabo l ic - -a re  
designated as cases 4,  5, and 6 , re sp ec t iv e ly ,  for  t h i s  method.
These s ix  cases have been applied to the  experimental s i t e  in 
L i t t l e  Bay. The r e s u l t s  are evaluated d i r e c t l y  through a comparison 
with est imates  of observed surface slope and bottom s t r e s s ,  and with
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curren t  p r o f i l e  data .
Selec tion of the Eddy Viscosi ty  Parameters
In order to apply the so lu t ions  presented here ,  the eddy v i scos i ty  
parameters k, u^, £0, and e must be spec i f ied .  The parameter which 
contro ls  the value of Nz a t  the bottom i s  the i n i t i a l  length sca le  or 
roughness length £0. In p r in c ip le ,  £0 i s  determined by the s ize  of 
p a r t i c l e s  forming the channel bed. Taylor and Dyer (1977) suggest th a t  
for  boundaries of uniform sand, £0 = Ks /30 ,  where Ks i s  the sand grain 
diameters. In p r a c t i c e ,  however, nonuniform p a r t i c l e  s ize  and the 
presence of suspended and bedload sediment movement a l t e r s  the e f f e c ­
t iv e  v i sc o s i ty  a t  the bottom. In add i t ion ,  Smith (1977) shows th a t  
boundary topography can have an important e f f e c t  on the near bottom 
flow regime. Thus, there  i s  a large  v a r i a b i l i t y  in £0. The constant  
k, von Karman's cons tan t ,  has been found to be approximately 0.4 over 
a wide range of flow cond i t ions .  However, the  presence of large  sus­
pended material  concentrat ions near the bottom may induce va r ia t io ns  in 
k. The tu rbu len t  ve loc i ty  sca le  ut  i s  usual ly  taken to  be the f r i c ­
t iona l  ve loc i ty  u* = /x^/p .  In t h i s  a p p l ic a t io n ,  however, x^ i s  not 
known a p r i o r i .  A more fundamental r e l a t i o n s h ip ,  P ra n d t l ' s  mixing 
length hypothesis ,  i s  used ins tead .  The mixing length theory gives the 
tu rbu len t  ve loc i ty  sca le  as
ut  = (length scale)  | | j |  = (kz) ||^-| (4.1)
which can be evaluated from the mean curren t  da ta .  Since ut  is  t r ea ted
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as a constant  in the theo re t ic a l  a n a ly s i s ,  a v e r t i c a l l y  averaged value
obtained during maximum curren t  is  used. In equation form th i s  i s :
, M z. *- z- 
ut  = MAz X  k L 2 3  - Ud^z.]^max " Ud^zj-i^maxH
where M is  the  number of data points  in the ve loc i ty  p r o f i l e  a t  maximum 
curren t .
For the parabolic  form, e is  adjusted so th a t  the maximum of Nz 
agrees with Bowden's (1967) empirical r e s u l t :
<Vm.x -  2 ' 5 * 1 0 ' 3 H Umax <4 ' 3>
When necessary t h i s  r e s t r i c t i o n  is  relaxed to keep Nz pos i t ive  for  
0 < z < H.
S e n s i t iv i ty  of Eddy Viscosity  Model to  the Eddy Viscosi ty  Coeff ic ien t  
Selec tion of the eddy v i sc o s i ty  c o e f f i c i e n t  parameters i s  a 
c r i t i c a l  p a r t  of applying the eddy v i s c o s i ty  models. An attempt has 
been made to s e l e c t  these parameters based on physical cons idera t ions ,  
but the e f f e c t s  of  v a r ia t io n s  in these  parameters must be e s tab l ished .  
Therefore, a s e r ie s  of  model p red ic t ions  were made, using a l l  six 
cases ,  varying the eddy v i sc o s i ty  parameters sys tem at ica l ly ,  to 
determine these e f f e c t s .  A range of values fo r  the eddy v iscos i ty  
parameters £0 and ut  are inves t iga ted  to evaluate  the s e n s i t i v i t y  of 
the various eddy v i sc o s i ty  models to these parameters. The model 
r e s u l t s ,  which cons is t  of predic t ions  of cu rren t  and s t r e s s  for  cases 
1-3, and surface slope and s t r e s s  obtained using the Extended P ro f i l e  
Method fo r  cases 4-6,  are presented in Appendix I I I ,  together  with the 
r e s u l t s  of f i e l d  data analys is  fo r  comparison.
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In the  f i r s t  th ree  cases ,  the surface slope is  sp e c i f i e d ,  and the 
no s l i p  bottom boundary condition is  used. Varying £0, and there fo re  
the magnitude of Nz a t  the bottom, through four orders of  magnitude 
r e s u l t s  in two orders of magnitude va r ia t ion  in curren t  amplitude, with 
one order of magnitude va r ia t io n  in bottom s t r e s s  amplitude for  con­
s t a n t  Nz . For both the  l in e a r  and parabolic  forms of Nz th i s  va r ia t io n  
in £0 r e s u l t s  in one order of magnitude v a r ia t ion  in cu rren t  amplitude, 
with neg l ig ib le  v a r ia t ion  in bottom s t r e s s  amplitude. Since the  v a r i ­
a t ion of  current  ve lo c i ty  p red ic t ions  is  l a rg e r  than the bottom s t r e s s  
v a r i a t io n ,  £0 can be se lec ted  in an i t e r a t i v e  manner by comparing pre­
d icted  and measured curren ts  to y ie ld  reasonable p red ic t ions  fo r  the 
bottom s t r e s s  amplitude.
Current p r o f i l e  data  i s  specif ied  for  the Extended P ro f i l e  Method, 
cases 4-6 , and a l e a s t  squares f i t  i s  performed to c a lcu la te  the su r ­
face slope and bottom s t r e s s .  Thus, the predicted curren t  ve loc i ty  
amplitude and phase should compare qu i te  c lose ly  to the  amplitude and 
phase of  the curren t  da ta .  The magnitude of the eddy v i sc o s i ty  coef­
f i c i e n t  depends p r in c ip a l ly  on u^, as Z0 has been replaced by h0. For 
the ca lcu la ted  value of ut  (5 .9 ) ,  the constant  form of  Nz y ie ld s  pre­
dicted values of bottom s t r e s s  and surface slope th a t  are much too 
small (see f igure  8 ).
ut  must be one to  two orders of magnitude l a rg e r  to  obtain reason­
able values of bottom s t r e s s  and surface slope fo r  th i s  case. However, 
the ca lcu la ted  values of u^ y ie ld  reasonable values of surface slope 
and bottom s t r e s s  fo r  the l in e a r  and parabolic  forms of Nz .
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Figure 8 . Comparison of S tress  Estimates one meter above the bottom with three  predic t ions made using 
the Extended P ro f i l e  Method with a depth constant  eddy v i sco s i ty  c o e f f i c i e n t .  The r e s u l t s  
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Comparison of Model Predict ions  with Field  Data 
The model cu rren t  v e lo c i t i e s  (both predic ted and f i t t e d )  are com­
pared g raph ica l ly  with curren t  data in two ways. F i r s t ,  the observed 
current  time se r i e s  a t  each depth i s  p lo t t e d ,  with the corresponding 
model predic ted cu rren t  superimposed (cases 3 and 6 ) in f igu re  9. 
Secondly, the  curren t  data  p r o f i l e s  are p lo t t e d ,  and model p r o f i l e s ,  
composed of predic ted v e lo c i t i e s  a t  the same time and depth as each 
data po in t ,  are  superimposed. Thus, the predicted p r o f i l e s  are  not 
synoptic , as they have been computed to correspond to the measured 
p r o f i l e s .  Predicted p r o f i l e s  (cases 1-3) are presented in f igure  10, 
and f i t t e d  p ro f i l e s  (cases 4-6) are  presented in f igu re  11. The pre­
d icted  curren ts  fo r  case 3 ( f igure  10) are  out of phase with the 
measured curren ts  by about 1.4 hours. This a lso  occurs in cases 1 and 
2 ( f igure  11); thus ,  the  discrepancy is  due to  e i t h e r  a phase e r r o r  in 
specifying surface s lope ,  the no s l i p  bottom boundary condit ion ,  or an 
e r ro r  in the basic assumptions of the eddy v i s c o s i ty  model. The e r ro r  
est imate  fo r  the surface  slope phase i s  ±0.8 hours; thus ,  i t  could 
account fo r  p a r t ,  but not a l l ,  of the  discrepancy. Comparison of pre­
dicted  and measured cu rren t  ve loc i ty  phase fo r  cases 1-3 in Appendix 
I I I  shows th a t  while the  p redic ted  phase decreases s l i g h t l y  with d i s ­
tance from the bottom, the measured phase increases s ig n i f i c a n t l y .  In 
add i t ion ,  the predic ted s t r e s s  i s  in phase with the predicted cu r re n t ,  
while there  is  almost one hour phase d i f fe rence  between measured s t r e s s  
and curren t .  Also, cases 4-6 y ie ld  s t r e s s  and surface slope pred ic ­
t ions  th a t  f a l l  within  the confidence l im i ts  of the measured param­
e t e r s .  Therefore, the no s l i p  bottom boundary condition is  suspect .
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Figure 10. Comparison of Measured and Predicted (no s l i p  bottom
boundary condit ion)  Current Velocity P ro f i l e s  fo r  cons tan t ,  
l i n e a r  and parabolic  forms of the eddy v i s c o s i ty  coef­
f i c i e n t  (case 1, Z0 = 100; case 2, ut  = 5 .9 ;  case 3, 
ut  = 5 .9 ) .
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bo l ic  forms of the eddy v i sc o s i ty  c o e f f i c i e n t  (case 4,
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i
66
The Extended P r o f i l e  Method f i t s  model predicted curren ts  to  measured 
cu rren ts ;  thus ,  the b e t t e r  f i t  seen in case 6 , f igure  9, and cases 4-6, 
f igure  11, i s  expected.
Surface slope is  spec i f ied  fo r  cases 1-3 and is  predicted by the 
Extended P r o f i l e  Method, cases 4-6. The model predicted surface slopes 
are compared with surface  slope est imates  in f igure  12. The surface 
slope es t imate  and the assoc ia ted  confidence in te rva l  are p lo t t e d ,  
together  with surface slopes predicted using the cons tan t ,  l i n e a r ,  and 
parabolic  forms of Nz . Case 4, constant  N , and case 5, l inea r  Nz , 
y ie ld  p red ic t ions  th a t  f a l l  outs ide  the confidence i n te r v a l ,  being too 
low and too high, re sp ec t iv e ly .  The parabolic  pred ic t ion  of surface 
slope compares favorably with the  estimated surface slope.
All of the  models p red ic t  bottom s t r e s s  and s t r e s s  p r o f i l e s .  The 
Reynolds s t r e s s  time s e r i e s ,  ca lcu la ted  from turbulence measurements 
one meter above the bottom, i s  p lo t ted  and compared to s t r e s s  p red ic ­
t ions  a t  one meter above the bottom for  a l l  s ix  cases a t  the  L i t t l e  
Bay s i t e .  The model predic ted s t r e s s  corresponds well with the 
measured s t r e s s ,  and var ies  neg l ig ib ly  between cases 1 , 2 ,  and 3, 
presented in f ig u re  13. There i s  considerable  va r ia t io n  in the mag­
ni tude of s t r e s s  p red ic t ions  between cases 4, 5, and 6 (f igure  14), 
with the l in e a r  eddy v i s c o s i ty  model predic t ions  too la rge ,  the con­
s t a n t  eddy v i s c o s i ty  model p red ic t ions  too small ,  and the parabolic  
eddy v i sc o s i ty  model p red ic t ions  comparing most favorably with the 
s t r e s s  da ta .
There i s  l i t t l e  v a r i a b i l i t y  in s t r e s s  predic t ions  between cases 
fo r  which surface  slope is  sp e c i f ied ,  while there  is  considerable 
v a r i a b i l i t y  between the cases fo r  which surface slope i s  predicted
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(Extended P r o f i l e  Method). This occurs p r in c ip a l ly  because the  su r ­
face slope and bottom s t r e s s  are  the dominant terms in the  equation of 
motion, with the  curren t  acce le ra t ion  approximately a f a c to r  of  f ive  
smaller .  Thus, when the surface slope is  sp e c i f i ed ,  the bottom s t r e s s  
must balance i t ,  and the re fo re  i s  not s i g n i f i c a n t ly  a f fec ted  by the 
form of the eddy v i sc o s i ty  c o e f f i c i e n t .  However, because of  t h i s  
s trong dependence on surface s lope ,  the confidence l im i t s  fo r  the 
s t r e s s  p red ic t ion  depend on the confidence l im i t s  of the surface  slope 
es t imate .  When slope is  not sp e c i f i e d ,  both primary processes--bottom 
s t r e s s  and surface  s lo p e - -a re  ca lcu la ted  based on a secondary process ,  
the cu rren t  a c c e le ra t io n ,  and the product of the eddy v i sc o s i ty  
c o e f f i c i e n t  with the v e r t i ca l  g rad ien t  of the curren t  ve loc i ty  da ta .  
Therefore, e r ro r s  in specifying mean curren t  ve loc i ty  and the eddy 
v i s c o s i ty  c o e f f i c i e n t  a f f e c t  the surface slope and bottom s t r e s s  pre­
d ic t io ns  s i g n i f i c a n t l y .
Stress  P ro f i l e  Predict ions  
In genera l ,  the l a rg e s t  s t r e s s  i s  expected to be found near the 
bottom, with the s t r e s s  decreasing with d is tance  from the bottom to 
zero a t  the surface .  This i s  the  case with the s t r e s s  p r o f i l e s  gener­
ated using a l l  the eddy v i sc o s i ty  models presented here. Since the 
s t r e s s  was measured a t  only one height above the bottom, the re  i s  no 
data with which to check these model r e s u l t s .
Accuracy of the Model Predict ions 
The accuracy of model p red ic t ions  depends p r in c ip a l ly  on the 
l im i ta t io n s  of the eddy v i sc o s i ty  model assumptions, s e lec t ing  the
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eddy v i s c o s i ty  c o e f f i c i e n t ,  and the accuracy of the  input da ta .  The 
model p red ic t ions  have been compared with f i e l d  data to evaluate  the 
model assumptions, and the s e n s i t i v i t y  of the model to the  eddy v i s ­
cos i ty  c o e f f i c i e n t s  has been examined. However, the e f f e c t s  of input 
data accuracy on model p red ic t ions  have not ye t  been examined; the re ­
fo re ,  a s e r i e s  of model runs was made to quantify  these e f f e c t s .
The surface slope must be specif ied  fo r  cases 1-3. The confidence 
l im i ts  of the est imated surface slope amplitude i s  ±25 percent ,  and the 
phase i s  ±0.83 hours. All three  cases rea c t  l in e a r ly  to changes in 
surface s lope;  thu s ,  the  corresponding confidence l im i ts  on the current  
ve loc i ty  and s t r e s s  amplitude pred ic t ions  are ±25 percent ,  and the 
phases ±0.83 hours.
Current v e lo c i ty  data must be spec i f ied  fo r  the Extended P ro f i l e  
Method, cases 4-6. Surface slope and bottom s t r e s s  are  funct ions of 
the cu rren t  v e lo c i ty ,  and the amplitude confidence l im i ts  of approx­
imately ±15 percent  a lso  apply to the surface slope and s t r e s s  ampli­
tude p red ic t io ns .  There i s  no phase sp e c i f ied ,  as the time of each 
ve loc i ty  data point  i s  entered d i r e c t l y ;  however, general e r ro rs  in 
time would a f f e c t  the phase of the p red ic t ions  d i r e c t l y .  The distance 
above the bottom of each curren t  ve loc i ty  data point  i s  a lso specif ied  
to provide the v e r t i c a l  g rad ien t  of ve loc i ty .  The accuracy of these 
heights i s  estimated to  be ±10 percent.  Errors in depth a f f e c t  a l l  
three  cases d i f f e r e n t l y ,  as the v e r t ica l  ve loc i ty  gradient  i s  m u lt i ­
plied by the eddy v i sc o s i ty  c o e f f i c i e n t .  Surface slope v a r ia t ion  is  
the same as s t r e s s  v a r i a t i o n ,  which is  expected, since these terms are 
dominant and balance each o ther .  The va r ia t io n  of surface slope and
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s t r e s s  p red ic t ions  assoc ia ted  with t h i s  ±10 percent  v a r ia t ion  in 
height is  as follows:
Case 4 ±2%
Case 5 ±3%
Case 6 <1%
The e r ro rs  fo r  cases 4 and 5 are l a rg e r  than fo r  case 6 . This occurs 
because the e r ro r  in height increases  with d is tance  from the bottom, 
and the v e r t i c a l  ve loc i ty  gradients  in the data are s ig n i f i c a n t  near 
the surface;  th e re fo re ,  s i g n i f i c a n t  ve loc i ty  gradient  e r ro rs  occur 
there .  Cases 4 and 5 have large values of Nz near the su r face ,  while 
for  case 6 Nz decreases to near zero a t  the surface .  Thus, these 
e r ro rs  a f f e c t  cases 4 and 5, but not case 6 . The e f fe c t s  of e r ro rs  in 
height  above the bottom on p red ic t ions  are  small,  and can be minimized 
with a ca re fu l ly  designed f i e l d  program.
The Dynamic Balance 
The dynamic balance can best  be presented in terms of  a v e r t i c a l ly  
averaged form of the model equation:
h  —  =  - a h  —  -  —  t  ( 4  4 13t 9 3x p b 1 '
where h is  the water depth, IT the v e r t i c a l l y  averaged current  ve loc i ty ,  
g g rav i ty ,  dnl3x the surface slope,  p dens i ty ,  and xb the bottom 
s t r e s s .  Each of the th ree  terms in the equation has been evaluated 
and p lo t ted  as a funct ion of time fo r  the l e a s t  square sine  f i t  to  the 
f i e l d  da ta ,  and model p red ic t ions  fo r  cases 3 and 6 in f igure  15.
The surface slope induced pressure gradient  and the bottom s t r e s s  
are the dominant hydrodynamic processes in the Great Bay e s tuary ,  and
73
DATA
50
4 0 .
3 0 -
20-
10-
0 -N
-10-fU
Eu
-3 0 -
- 4 0 .
-50
Time (hours)CASE 3
50
4 0 .
20.
10- A _ Zh
0 -
«  - 10-
Eu
- 3 0 .
- 4 0 .
-5 0
Time (hours)CASE 6
4 0 -
3 0 -
2 0 .
10
« 0 o  w -
V
N  - 10-
Eu
- 20-
- 3 0 .
- 4 0 .
-5 0
X v</ ax
\
\  / 
/ iuX, h ai'N.
X  X s'\  S  l “^T|oo
V — ' -
\ \ \
“I-------1-----
4  6
Time (hours)
i
10
Figure 15. The Dynamic Balance between surface slope induced pressure  
grad ien t  (gh near bottom s t r e s s  (1/p  x100) ,  and temporal cu rren t
dX 3Uacce le ra t ion  h fo r  f i e l d  da ta ,  parabolic  eddy v isc o s i ty  model using
d e
a no s l i p  bottom boundary condit ion (case 3) and the Extended P ro f i l e  
Method using a parabolic  form of Nz (case 6 ).
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balance each o ther .  The data shows th a t  maximum curren t  acce le ra t ion  
occurs a f t e r  maximum surface  s lope ,  and t h a t  maximum bottom s t r e s s  
occurs s l i g h t l y  a f t e r  maximum surface slope. Model p red ic t ions  fo r  
case 6 show s im i la r  phase r e l a t io n s h ip s .  Case 3 ( the no s l i p  bottom 
boundary condit ion)  shows a s im i la r  but smaller  phase lag between 
bottom s t r e s s  and surface slope;  however, the curren t  acce le ra t ion  is  
maximum when the surface  slope is  small.  Since the primary balance is  
between surface slope and bottom s t r e s s ,  with the i n e r t i a l  term a 
f a c to r  of f iv e  or sm al le r ,  large  v a r ia t io n s  in the  i n e r t i a l  term can 
occur with l i t t l e  or no e f f e c t  on the  magnitude of the surface slope 
and bottom s t r e s s ;  however, i t  appears t h a t  the i n e r t i a l  term is  
important enough to  a f f e c t  the phase r e l a t io n sh ip  between surface slope 
and bottom s t r e s s  s l i g h t l y .
The Relationship  between 
Bottom Stress  and Mean Current Velocity 
This r e l a t io n sh ip  i s  of i n t e r e s t  s ince many hydrodynamic models 
attempt to r e l a t e  bottom s t r e s s  d i r e c t l y  to  the  mean curren t  ve loc i ty .  
The most commonly used method i s  the quadra t ic  s t r e s s  law:
xb = pC u |u |  (1.2)
where C is  the drag c o e f f i c i e n t ,  and u i s  the mean curren t  ve loc i ty .  
Several in v es t ig a to rs  have attempted to evaluate  the  drag c o e f f i c i e n t  
experimental ly ,  and i t  has been found to vary s p a t i a l l y  and temporally. 
The phase re l a t io n sh ip  between bottom s t r e s s  and mean curren t  ve loc i ty  
i s  important , as i t  could lead to large  v a r ia t ion s  in time of the
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' c on s tan t '  drag c o e f f i c i e n t .  Mean curren t  v e lo c i ty ,  bottom s t r e s s ,  
and surface slope have been p lo t ted  versus time fo r  the l e a s t  squares 
f i t  to  f i e l d  data  and model p red ic t ions  fo r  L i t t l e  Bay. The data and 
model p red ic t ions  fo r  case 6 in d ica te  t h a t  the bottom s t r e s s  leads the 
curren t  by about 45 minutes (see f igure  16). Case 3 shows the bottom 
s t r e s s  and cu rren t  v e lo c i ty  to be in phase. This p red ic t ion  i s  suspect ,  
however, because the predicted curren t  phase i s  about 1.5 hours 
d i f f e r e n t  from the cu r ren t  da ta ,  while the phase of predicted bottom 
s t r e s s  i s  about 40 minutes d i f f e r e n t  from the measured s t r e s s .
Gordon (1975), based on measurements in the Choptank River, 
suggests t h a t  the longitudinal  pressure  g rad ien t  a f f e c t s  the  Reynolds 
s t r e s s  such th a t  the s t r e s s  i s  g re a te r  fo r  a dece le ra t ing  flow than an 
acce le ra t ing  flow. L i t t l e  Bay data  ind ica te s  t h a t  the s t r e s s  i s  l a rg e r  
fo r  an acce le ra t ing  flow.
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Figure 16. Comparison of Mean Current Veloci ty , Bottom S t r e s s ,  and 
Surface Slope. The Extended P ro f i l e  Method, p red ic t io n s ,  
case 6 , compares favorably with the  da ta ,  while case 3, 
using a no s l i p  bottom boundary condit ion ,  does not .
CHAPTER V
SUMMARY OF CONCLUSIONS
The goal of t h i s  research is  to  study the r e l a t io n sh ip  between 
the surface slope induced pressure  g rad ie n t ,  mean curren t  ve loc i ty  
p r o f i l e ,  and the bottom s t r e s s ,  and in p a r t i c u l a r  to p red ic t  the 
bottom s t r e s s  from f i e l d  data .  The eddy v i sc o s i ty  models presented 
here provide a useful means of obtaining bottom s t r e s s  est imates in 
a t id a l  channel where the surface slope and bottom s t r e s s  are the 
dominant processes .
Field Data
A f i e l d  program was conducted to measure the tu rbu len t  s t r e s s  
near the  bottom, the mean curren t  ve lo c i ty  as a function of depth and 
time, and the surface  slope.  The turbulence measurements, made with 
the electromagnetic  cu rren t  meter using 0.5 second average v e lo c i t i e s ,  
were used to c a lc u la t e  the Reynolds s t r e s s  d i r e c t l y .  I t  has been 
shown th a t  turbulence ve loc i ty  samples up to four seconds in length 
are s u f f i c i e n t  to  determine the Reynolds s t r e s s .  The turbulence data 
was processed to remove the d e te rm in is t ic  cu rren t  v e lo c i t i e s  to obtain 
the f lu c tu a t in g  cu rren t  v e lo c i t i e s  from which the Reynolds s t r e s s  is 
ca lcu la ted .  F i t t in g  a second order polynomial to ten minute records 
was found to adequately remove the mean ve loc i ty .  Reynolds s t r e s s ,  an 
ensemble average quan t i ty  by d e f i n i t i o n ,  has been est imated using a 
time average. Analysis of the data ind ica tes  th a t  ten minute averages
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are s u f f i c i e n t  to determine the Reynolds s t r e s s .  The magnitude of the 
s t r e s s  measured a t  the L i t t l e  Bay s i t e  ranged from 5 to 40 dynes/cm2 
fo r  mean curren t  v e lo c i t i e s  ranging from 10 to  60 cm/s.
Surface slope was estimated from a t id a l  d i f fe rence  p red ic t ion .  
Tidal height  time s e r i e s  a t  two locat ions  were subtracted  to y ie ld  a 
t id e  height  d i f fe rence  time s e r i e s ,  which was analyzed fo r  harmonic 
c o n s t i tu en ts .  The M2 c o n s t i tu en t  i s  an order of magnitude l a rg e r  than 
the four o ther  major c o n s t i tu e n t s ;  however, a l l  f ive  cons t i tuen ts  were 
used in the pred ic t ion  to include spring-neap t id e  e f f e c t s .  The 
re su l t in g  surface slope es t imate  i s  3.4 ±0.98 x 10" 5 with a phase of 
-0.76 ±0.83 hours. The eddy v i s c o s i ty  model p red ic t ions  fo r  cases 1,
2, and 3 have accuracies  no b e t t e r  than the surface slope accuracy of 
±29 percent amplitude, ±0.83 hours phase.
Model Predict ions
All of the  cases can y ie ld  useful r e s u l t s  i f  t h e i r  l im i ta t io n s  are 
understood. The cases u t i l i z i n g  the parabolic  eddy v i sc o s i ty  c o e f f i ­
c ien t  c o n s i s ten t ly  y ie ld  the best  r e s u l t s .  The parabolic  eddy v iscos­
i ty  c o e f f i c i e n t  parameters can be determined d i r e c t l y  from physical 
c h a r a c t e r i s t i c s  with s u f f i c i e n t  accuracy to obtain reasonable est imates 
of bottom s t r e s s .  Bottom s t r e s s  and surface slope can both be pred ic­
ted by replacing the no s l i p  bottom boundary condit ion with a s t r e s s  
bottom boundary condit ion.  This allows a l e a s t  square f i t  of model 
predicted curren t  to  cu rren t  data to be performed, which provides a 
d i r e c t  and q u a n t i t a t iv e ly  accurate  method of obtaining the bottom 
s t r e s s .  In order to p red ic t  both surface slope and bottom s t r e s s  from 
mean curren t  ve loc i ty  da ta ,  the ve loc i ty  measurements must be made care­
f u l l y ,  with primary emphasis on the ve loc i ty  g rad ien t  near the bottom.
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The se lec t ion  of one of  these  models to  p red ic t  bottom s t r e s s  is  
based on the type and q u a l i ty  of  data a v a i la b le ,  and an order of mag­
nitude ana lys is  of the  th ree  terms in the equation. For an estuary 
where the  surface slope and bottom s t r e s s  dominate, sp e c i f ic a t io n  of 
the surface  slope y ie ld s  cons is ten t  p red ic t ions  of bottom s t r e s s .  
However, i t  is  d i f f i c u l t  to  measure surface s lope ,  and the predic t ions  
are only as accurate  as the surface  slope measurement. Current veloc­
i ty  p ro f i l e s  are  commonly made in e s tu a r i e s .  I f  these p ro f i le s  are 
c a re fu l ly  taken with emphasis on determining the v e r t i c a l  ve loc i ty  
g rad ien t  near the bottom, the data can be used in the Extended P ro f i l e  
Method, which will  p red ic t  surface slope and bottom s t r e s s  to f i r s t  
order.
The Dynamic Balance 
The primary balance is  between the surface slope and bottom 
s t r e s s ;  however, i t  appears t h a t  i n e r t i a l  e f f e c t s  can a l t e r  the phase 
between the surface slope and bottom s t r e s s  s l i g h t l y ,  since the 
bottom s t r e s s  lags the surface slope by approximately one hour.
L i t t l e  Bay data shows a phase d i f fe rence  between bottom s t r e s s  and 
mean curren t  ve loc i ty ;  thus ,  the drag c o e f f i c i e n t  used in the quadratic  
s t r e s s  law must vary in time. The f i e l d  data  and model predic t ions  do 
not support Gordon's (1975) suggestion th a t  s t r e s s  i s  g rea te r  for  
dece le ra t ing  flow than fo r  acce le ra t ing  flow.
Areas fo r  Further Research 
Collection of addit ional  data a t  o ther  loca t ions  in th i s  and 
other  e s tu a r ie s  would allow the models presented here to be fu r th e r
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evaluated. In p a r t i c u l a r ,  a s i t e  where the cu rren t  acce le ra t ions  were 
the same order of magnitude as the surface slope and bottom s t r e s s  
would provide an in t e r e s t i n g  t e s t  of the general a p p l i c a b i l i t y  of the 
models. Simultaneous turbulence measurements a t  several heights above 
the bottom would provide s t r e s s  p r o f i l e  data with which model p red ic ­
t ions  could be compared.
Evaluation of  secondary e f f e c t s ,  such as considering addit ional  
harmonics, the time v a r ia t io n  of the  eddy v isc o s i ty  c o e f f i c i e n t ,  or 
the convective acce le ra t ion  term, requires  longer time se r i e s  of 
curren t  p r o f i l e  and s t r e s s  da ta ,  and would provide addit ional  in s ig h t  
in to  the  problem of p red ic t ing  bottom s t r e s s .
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APPENDICES
APPENDIX I 
EDDY VISCOSITY MODEL SOLUTIONS 
Constant Eddy Viscosity  Coeff ic ien t
-
Model Equation:
12aU = -S2 + l„kut  0
P a r t i c u la r  Solution:
i2aUp = -S2
Homogeneous Solution:
and the homogeneous solution is:
Uh = Ciemz + C2e"mz
The to ta l  so lu t ion  i s :
U = ^  + Cxemz + C2e"mz
Boundary Conditions, Case 1
No surface  s t r e s s dUdz = 0z = H
r  mH r m -mH _ nCjme - C2me = 0
C2 C j e 2mH
No s i i d U| = 0
1 Z= o
iS
Z o~  +  C 1 +  C 2 =  0
C ^ l  + e2mH) = 0
Ci =
-iS;
2a(l  + e2mH)
C2 =
-l'S:
2a(l  + e"2mH)
Boundary Conditions, Cases 4 and 7
No surface  s t r e s s dUdz = 0z=H
Bottom s t r e s s
Linear Eddy Viscosi ty  Coeff ic ien t
Nz = &0kut  + ku^z
Model Equation:
i2aU = -S2 + ^  kut ( l 0 + z) ^
P a r t i c u la r  Solution: 
i2aU„ = -S,P ' 2
U_ = i S 2p 2a
Homogeneous Solution:
The equation can be transformed through the following 
su b s t i tu t io n :
X . <*. ♦ Z)h
4a d
dz ku^x dx
to obtain B esse l ' s  equation:
d2U, dU, 
x2 + x — - i x 2Uh = 0
The so lu t ion  is  in terms of Kelvin funct ions:
uh = c 3r Ber(x) + iBei(x)H  + CltfK e r (x )  + i K e i ( x ) ]
The to ta l  so lu t ion  i s :
U = 4 ^ -  + C3PBer(x)  + iBei(x)] ]  + C4 nKer(x)  + iKei(x)]]
Boundary Conditions, Case 2
11 r)M 0No surface s t r e s s  J^^ -
z=H
dU
dx x=xH
C3 QBer ' (x^) + i Bei ' (xH) H + C ^ K e r ' ^ )  + iK e i ' ( x H) ]  = 0 
f B e r '  (xH) + i Bei1 (xH) ]
= - c 3
QKer1 (xH) + iK e i ' (xH) l
No s l i p  U| = U| = 0
K 1Z= 0 ' X = X 0
^  + C3f B e r ( x 0) + iB e i (x 0) ]  + C ^ f K e r U J  + Kei(x0) ]
{[]Ber(x0) + iB e i (x 0) ]  Q K er ' (xH) + iK e i ' ( x H) ]  - 
3 d K e r ’ (xH) +
QBer1 (xH) + i B e i ' ( x H)[]  QKer(x0) + iKei(x0) ] }  _i$2
i K e i ' ( x H) ]  2o
iS2 f K e r '  (x„) +
C = ---------------------------------------------------------------------------------------------------
3 2a{ QBer1 (x^) + i Bei1 (xH) ]^ CKer(x0) + iKei(x0) l  -
iK e i ' (xm) 1
r K e r ' ( x H) + i K e i ' ( x H) ]  f B e r ( x 0) + iB e i (x0) ]
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■IS, f  B er ' (xu) +
2a{QBer ' (xH) + iB e i ' ( x H) ]  f K e r ( x 0) + iKei(x0) ]
iB e i ' (x„)~|
[[Ker1 (xH) + iK e i ' ( x H) n  f B e r ( x 0) + iB e i (x 0) ] }
Boundary Conditions, Cases 5 and 8
No surface s t r e s s  ^
z=H
dU
dx = 0x=x,
-  _C3
j^Ber' (xH) + i B e i ' (xH) ]  
|^K er ' (xH) + i K e i ' ( x „ ) ]
Bottom Stress dUdz
4 a dU
ku.x dx
Z = o  t X=X0 £ 0kut
dU
dx
Tb
x=xQ (2£0kut  ) 2
C3 QBer1 (x0) + i B e i ' ( x 0) ]  + C^  Q k e r ' (x0) + i K e i ' ( x 0) l  =
(2£0kut a)^
( f B e r ' ( x 0) + iB e i 1 (x0) ^  r K e r ' ( x H) + i Ke i ‘ (x H) n  - 
3 T K e r ' (x H) +
f K e r ' ( x 0) + i K e i ' ( x 0) n  T B e r ' ^ )  + i B e i ' ( x H) ] }  
iK e i1 (xHn
Tb
(2£0kut a)^
f K e r '  (x H) +
3 (25>0kut a )^  { f B e r ' ( x 0) + i B e i ' ( x 0) J  f K e r ' ( x H) +
iK e i1 (xH) J x b
iK e i ' ( x H) n  - QKer1 (x0) + i K e i ' ( x 0) ]  Q B er ' (x H) + 
i Bei1 (xH) J }
- f B e r '  ( x j  +
q = ------------------------------------------------------------------------ !J-----
(2£0kut a )'5 { QBer1 (x0) + i B e i ' ( x 0) l  f ^ K e r ' ^ )  +
i Bei1 (xH) H x b
iK e i ' ( x H) J  - Q K e r ' (x 0) + i K e i ' ( x 0) ]  Q B er ' (xH) +
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Parabolic  Eddy Viscosi ty  Coeff ic ien t
<1 = £0kut  + ku^z - ez2
Model Equation:
i2aU = - S2 + U 0kut  + kut z - ez2) ^
P a r t i c u la r  Solution:  
i2aU_ = -S,
U =
P ~2 
i S2
p 2a
Homogeneous Solution:
The model equation can be transformed through the following 
s u b s t i tu t io n :
ku £„ku k2u |
x = (z - -2T> + T ? - '
. £„ku+ k2u? 1 .d = ( 0 t  +  U-h  d
clif e 4e2 Hx
to obtain the LeGendre equation:
I X  dU,
 h _ ?x —dx2 dx
The homogeneous so lu t ion  is  in terms of LeGendre functions:
IL = C_Pm(x) + CfiQm(x) h 5 m' ' '
d2U. . i2oUi
(1 - x2) - 2x >1 - - J l  -  0
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where m = -h ±*2(1 - i 8a /c ) '
The to ta l  so lu t ion  is:
iS
U ■ T ?  + C5Pm W  + CeQm(x>
Boundary Conditions, Case 3
No surface s t r e s s dUdz z=H
dU
dx = 0x=x.
cs L * hW  - pm_ j (x Hn  + c 6Q xHQni(xH) - QrT1_1(xH) n  o
C6 = -C5
O h W  - Pm-i (xH^  -1
H xhV xh) '  V i ^ xH ^
No s l i p U| = U| = 0 z= 0 lx=x0
^ + C 5Pm( x . )  + c 6V » . )  = 0
c {Pm(xo) L x HQm(xH) - - Qm(x0) E * HPm(xH) -
C xHqn / xH^  '
Pm - / XH ^ 3 } .  -iSg 
2°
c = l S 2 C xH^ m^ xH^  ~ ___________________________
2ofpm(x")C xHQm(xH) ■ qm-i(xH>j ‘ Qn,(x «>C xHPm(xH> ‘
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C6 =
' lS 2 L xh W
2 ° { P m ( x 0 ) | _ x HQm ( x H) -  < W x h O  " Qm ( x o ) r x HPm ( x H) "
Pm- i ^ xH^  -1 
Pm-i^XH^3
Boundary Conditions,  Cases 6 and 9
No surface s t r e s s
z=H
=  dU 
dx = 0x=x,
C6 = "C5
t - xHPm^xH^  ~ Pm-i^xH^-l 
L xH^ m^ xH^  " V i ^xhQ
Bottom s t r e s s dUdz = (
£0kut
z=o
k2ut -2 dU 
dx x=x.
^okut
^ 5 [ Zx oPfp^x o^ ~ Pn i _ i ^ x o ^ n +  c 6 r x 0Qm ( x 0 ) -  Qm_ i ( x 0 ) 3 ]
x (  1 -  + . 1    )*s
b ' £0ku .^e 4e2£2
c < L x ,Pm(x,)  ~ Pm-i^x o ^  ~
O hW  - 
CxoQm<xo> - V . t x . ) :  r x„Pm(xH) - Pm-JVI!}
t . 4efcn i
= _ A _  (  ° + t \H
2£ 0e 1 kut
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c  .   ( t o p  + kut ) !'3 Tb C » Hg |„ ( x H) -
2«.0eCkut )*s ( r x . P m(x0) - Pm_ , C x C x HQm(xH) -
V i ^ H ^ ________________________________________________________________
-  O . V * , )  - Q ^ . t X p ) ]  n x HPm(xH) - Pm. , ( x H)D}
c e =
-(40% + kut )^ Tb CxHPm(xH)
2 % c ( k u t r* t r x 0Pm( x 0 ) -  Pm. , ( x 0 ) ]  l _ x HQm( x H) -
v .(xh>h  - rx„Qm(x0) - Qm_,(x0): cx„pm(xH) - p^ ^ hO )
APPENDIX II
INSTRUMENT DESCRIPTIONS
The P ro f i l in g  Current Meter
The 0-15 curren t  speed sensor  (see f igure  A I I - l )  i s  a b i ­
d i rec t iona l  ducted impel!or, which is  aligned with the curren t  by a 
vane on a long boom. The impel lo r  blades are f l a t  to  equalize  response 
to forward and reverse flow through the duct. The low mass of the 
impel lo r  allows rapid response to curren t  changes. Magnets a t tached to 
the outer  edge of the impellor a c t iv a te  read switches to produce a time
s e r ie s  of pu lses ,  which is  proportional  to cu rren t  speed. The pulses
t rave l  through a cable to the su r face ,  where an e le c t ro n ic  package con­
ver ts  the pulse t r a i n  to  an average cu rren t  speed. The averaging 
process in the e le c t ro n ic s  has a time constant  of th ree  minutes. The 
average cu rren t  speed is  recorded on a Rustrak s t r i p  char t  recorder .
The recorder speed is  60 cm/hr, and there  are  two curren t  speed sc a le s ,  
0-50 cm/s and 0-250 cm/s. The curren t  meter sp e c i f ic a t io n s  are  pre­
sented in tab le  A I I - l .
The curren t  meter was maintained and c a l ib ra ted  by Normandeau 
Associa tes ,  Inc. The following procedure was used fo r  c a l ib r a t io n :
The tow tank procedure i s :
a. Mount sensor and power supply to towing ca r r iage .
b. Align sensor duct p a ra l le l  to tow tank.
c. Turn on a l l  e le c t ro n ic s  and allow a 10-minute warm-up time.
d. Check to ensure t h a t  water motion is  minimal. I f  extremely 
low speeds are  required ,  check water motion by tossing in a
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VANE AND BOOM ASSY
REED SWITCH ASSYDUCTED IMPELLER ASSY
MAGNETS IMBEDDED IN IMPELLER BLADES
Figure A I I - l .  Model Q-15 Current Sensor Functional Diagram.
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Table A II-l. Current Sensor Specifications
Accuracy: ±3%
Range: 0-250 cm/s
S e n s i t iv i ty :  S ta r t ing  threshold  2.0  cm/s
L inear i ty  threshold  2.5 cm/s
Output: 31 pulses per second per 100 cm/s
(dual phased pulses)
Depth: 1000 f e e t
Temperature Limits: 0 to 30°C
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few c ry s ta l s  of potassium permanganate. Any dev ia t ions  of 
the dye t rack  from a s t r a i g h t  l in e  ind ica te  p e rs i s t in g  
eddies.
e. Record temperature of water to the  neares t  0.2°F (op t iona l ) .
f .  I n i t i a t e  towing a t  the slowest an t ic ip a ted  speed, general ly  
2.5 cm/s.
g. Record a l l  pulses produced by one reed switch along with 
recorder  time base on a prec is ion  multi-channel  s t r i p -  
char t  recorder .  Enter actual towing speed on corresponding 
records.
h. Repeat s teps (d) through (g) increasing ca r r iage  speed by 
approximately 0 .5 cm/s, un t i l  sensor threshold  i s  determined.
i .  Repeat s teps (d) through (g) fo r  ca r r iage  speeds of approx­
imately 3 .5 ,  4, 5, 7 .5 ,  10, 15, 25, 50, and 150 cm/s.
j .  Data are to be reduced and p lo t ted  on log-1og paper,  speed
(cm/s) versus pulses per second.
k. Document t e s t  r e s u l t s  on Form PS-207.
Electromagnetic Current Meter
The Marsh-McBirney Model 727 electromagnetic  cu rren t  meter 
measures water flow in a plane normal to the axis  of the probe. The 
instrument cons is t s  of a spherica l  transducer  mounted on a s t a in l e s s  
s tee l  sh a f t  which is  connected by a cable to  a surface  e le c t ro n ic s  
package (see f igure  A 11-2 ) .  The e le c t ro n ic s  package powers the probe, 
processes the re s u l t in g  s ig n a l ,  and disp lays  the  output.
The curren t  meter i s  based on Faraday's p r in c ip le  of  e l e c t r o ­
magnetic induction.  This p r in c ip le  s t a t e s  th a t  a conductor (water) 
moving in a magnetic f i e l d  produces a voltage proport ional  to i t s  
v e loc i ty .  The magnetic f i e l d  i s  generated by an AC electromagnet  in 
the probe, and is  p a ra l le l  to  the axis of the probe. Four e lec t rodes  
are  mounted on the sphere a t  90 degree in te rv a l s  in the plane normal
PLANE OF MEASURMENT
ELECTRODE
PROBE
MOUNTING SHAFT
ELECTRODE
ELECTRODE
Figure A I 1-2. Electromagnetic Current Meter. The plane of measurement is  in to  the  page.
oro
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to the probe 's  ax is .  These e lec t rodes  d e tec t  the  voltage re su l t in g  
from water flowing through the magnetic f i e l d  in the plane of measure­
ment. The two pa i r s  of  e lec t rodes  measure the two components of the 
ve loc i ty  vector  r e l a t i v e  to the probe's  coordinate  system. This is  
poss ible  because the  ins t rum ent 's  response i s  e s s e n t i a l l y  cosine in 
nature.  The voltage signal  p resent  across the two pa i r s  of e lec trodes  
is  amplified and processed to y ie ld  two analog voltages t h a t  are pro­
port ional  to the two components of flow. The output signal  i s  low- 
pass f i l t e r e d  in the  e l e c t r o n i c s ,  with a switchable time constant  of 
0 .2 ,  1 .0 ,  and 5.0 seconds. The curren t  meter sp e c i f i c a t io n s  are  pre­
sented in t ab le  A 11-2.
The electromagnetic  cu rren t  meter was c a l ib ra te d  by Marsh- 
McBirney in the following manner. A fourteen-inch diameter r e c i r c u ­
la t ing  water tunnel i s  used to s e t  the  gain adjustment a f t e r  the zero 
adjustment potentiometer has been adjusted in s t i l l  water . The veloc­
i ty  in the water tunnel i s  measured by a t r a n s f e r  standard ve loc i ty  
sensor t h a t  is  p e r io d ic a l ly  c a l ib ra ted  a t  a towing tank.  The t r a n s f e r  
standard output i s  monitored by a d i g i t a l  voltmeter  and recorded on a 
s t r i p  char t .  When the flow speed is  e s tab l i sh ed ,  the  un i t  to  be c a l i ­
brated replaces the t r a n s f e r  standard sensor.  The output  i s  again 
monitored by the d ig i t a l  voltmeter and recorded on the s t r i p  char t  
recorder .  The gain i s  varied un t i l  the output i s  the same as for  the 
t r a n s fe r  standard sensor.  The gain of both axes i s  checked in both 
d i re c t io n s .
Table A II-2. Electromagnetic Current Meter Specifications
Measurement: X and Y components of water ve loc i ty
perpendicular  to  flow probe
Panel Meter Ranges: Switch se lec ta b le  ranges of  ±60, ±150,
and ±300 cm/s.
± 2 %
2 cm/s or less
Cosinusoidal within  ±5% up to  ±60° 
t i l t  angles
Cosinusoidal within  ±5% or ±1.5 cm/s, 
whichever i s  g re a te r
1 cm/s/ /T , where T i s  the  output 
time constant
Flow Sensing Volume: A sphere about 3 probe diameters in
diameter (30 cm)
Output Signal: ±1V = ±300 cm/s
Output Time Constant: 0.2 seconds
Gain Accuracy: 
Long Term D ri f t :  
T i l t  Accuracy:
Azimuth Accuracy:
Resolution:
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The Data Logger
The two analog voltage outputs of the electromagnetic cu rren t  
meter were recorded on a Sea Data d ig i t a l  c a s s e t t e  data  logger. The 
data logger recorded 0.5 second averages of  each ve loc i ty  component 
d i g i t a l l y  on a c a s s e t t e  tape. Each input voltage was converted to  a 
frequency proport ional  to the voltage (0 Hz = -305 cm/s, 2048 Hz =
0 cm/s, 4096 Hz = 305 cm/s). The d ig i t a l  value of the 0.5 second 
average i s  computed by counting the number of cycles completed in ha lf  
a second (0 counts = -305 cm/s, 1024 counts = 0 cm/s, 2048 counts =
305 cm/s). Thus, each count i s  equivalent  to 0.3 cm/s. A se r i a l  
sample number and the count fo r  each ve lo c i ty  component i s  coded and 
recorded on the data c a s s e t t e .  The operation of the  data logger i s  
automatic, except fo r  the  power switch, a r e s e t  switch ( se ts  the se r i a l  
sample number to ze ro ) ,  and a switch to s t a r t  and stop the sampling.
The data c a s s e t t e  was read on a Sea Data c a s s e t t e  reader and the data 
was recorded on a magnetic computer tape by a minicomputer.
APPENDIX II I  
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Eddy Viscosity Model for Little Bay 10-28-77
Effects of Variation of £0 on Current Velocity and Stress Predictions
Case 1: Constant Eddy Viscosi ty Coeffic ien t  (N = £0ku.)
No Slip Bottom Boundary Condition
Surface Slope: Amplitude = 3.36 x 10~5 Phase = -2736
Eddy Viscosi ty Coeffic ien ts :  £0 = varying,  k = 0 .4 ,  u. = 5 .9 ,  c = 0.0
Units: CGS
DEPTH DEPENDENCE OF CURRENT VELOCITY
HEIGHT
ABOVE £o ~ 0.1 £o = 1.0
BOTTOM AMP PHASE AMP PHASE
800 233.9 8424 234.6 8343
500 234.0 8425 248.0 8601
300 233.4 8389 241.3 9768
200 241.0 8357 209.7 10830
100 243.9 9627 137.1 12241
0 0.0 - 0.0 -
£q 10.0 £o ~ 100.0 £0 1000.0
AMP PHASE AMP PHASE AMP PHASE
253.1 10891 65.1 17865 6.7 19409
203.8 11570 50.9 17939 5.2 19417
143.5 12325 34.6 18024 3.6 19425
103.5 12787 24.4 18077 2.5 19430
56.0 13302 12.9 18137 1.3 19437
0.0 - 0.0 - 0.0 -
DEPTH DEPENDENCE OF STRESS
HEIGHT
ABOVE £0 - 0.1 £o - 1.0 £o = 10.0 £o - 100.0 £0 = 1000.0BOTTOM AMP PHASE AMP PHASE AMP PHASE AMP PHASE AMP PHASE
800 0.0 - 0.1 28219 2.4 7527 6.4 17526 6.6 19375
500 0.0 - 0.3 -5417 6.1 9002 16.0 17675 16.5 19390
300 0.0 - 0.8 2369 8.8 10645 22.4 17844 23.0 19407
200 0.0 - 1.4 6246 10.4 11636 25.6 17950 26.3 19418
100 0.2 1736 2.5 10124 12.2 12717 28.8 18070 29.6 19430
0 1.3 14004 4.3 14004 14.3 13866 32.1 18204 32.9 19443
FIELD
DATA
AMP PHASE
57.0 13998
47.4 13600
43.7 12841
38.5 12297
30.2 11742
FIELD 
DATA 
AMP PHASE
26.7 156.86
Eddy Viscosity Model for Little Bay 10-28-77
Effects of Variation of £0 on Current Velocity and Stress Predictions
Case 2: Linear Eddy Viscosi ty Coeffic ien t  (N = £0ku. + ku^z)
No Slip Bottom Boundary Condition
Surface Slope: Amplitude = 3.36 x 10" 5 Phase = -2736
Eddy Viscosi ty C oeff ic ien ts :  £0 = varying,  k = 0 .4 ,  u. = 5 .9 ,  e = 0.0
Units: CGS
DEPTH DEPENDENCE OF CURRENT VELOCITY
HEIGHT
ABOVE = 0.01 *0 = 0.1 £0 1.0 ~ 10.0 £0 100.0
BOTTOM AMP PHASE AMP PHASE AMP PHASE AMP PHASE AMP PHASE
800 125.5 15737 103.6 16849 78.1 17317 49.8 18183 22.5 18974
500 123.4 15739 101.5 16493 75.8 17321 47.5 18189 20.4 18981
300 119.7 15744 97.5 16498 71.7 17328 43.4 18199 17.0 18992
200 116.1 15747 93.7 16503 67.7 17334 39.3 18207 14.0 19001
100 109.0 15753 86.2 16510 59.9 17343 31.8 18219 9.2 19014
0 0.0 - 0.0 - 0.0 - 0.0 - 0.0 -
DEPTH DEPENDENCE OF STRESS
HEIGHT
ABOVE £o 0.01 £0 - 0.1 £o - 1.0 £o _ 10.0 £o - 100.0
BOTTOM AMP PHASE AMP PHASE AMP PHASE AMP PHASE AMP PHASE
800 5.6 15558 6.0 16319 6.3 17161 6.5 18054 6.6 18895
500 14.1 15579 14.9 16340 16.6 17181 16.1 18075 16.4 18913
300 19.8 15611 20.9 16373 21.9 17214 22.6 18107 23.0 18940
200 22.6 15638 23.9 16400 25.0 17241 25.8 18133 26.2 18962
100 25.4 15679 26.9 16440 28.1 17282 29.1 18173 29.5 18991
0 28.2 15766 29.9 16527 31.3 17367 32.3 18248 32.8 19034
FIELD 
DATA 
AMP PHASE
57.0 13998
47.4 13600 
43.7 12841
38.5 12297 
30.2 11742
FIELD 
DATA 
AMP PHASE
26.7 15686
Eddy Viscosity Model for Little Bay 10-28-77
Effects of Variation of on Current Velocity and Stress Predictions
Case 2: Linear Eddy Viscosity Coeffic ien t  (N =
No Slip Bottom Boundary Condition
kut z)
Surface Slope: Amplitude = 3.36 x 10
Eddy Viscosi ty Coeffic ien ts :
Units: CGS
- 5 Phase = -2736
= 10. 0 , k = 0 .4 ,  ut  = varying,  e = 0.0
DEPTH DEPENDENCE OF CURRENT VELOCITY
HEIGHT
ABOVE Ut  :
BOTTOM AMP
800 94.3
500 90.0
300 82.2
200 74.6
100 60.2
0 0.0
2.95
PHASE
16882
16894
16912
16928
16953
Ut  = 
AMP
49.8 
47.5 
43.4 
39.3
31.8 
0.0
5.9 ut  = 11.8
PHASE AMP PHASE
18183 25.3 18877
18189 24.1 18880
18199 22.0 18885
18207 20.0 18889
18219 16.1 18895
- 0.0 -
DEPTH DEPENDENCE OF STRESS
HEIGHT
ABOVE Ut 2.95 ut 5.9 ut 11.8
BOTTOM AMP PHASE AMP PHASE AMP PHASE
800 6.1 16623 6.5 18054 6.6 18813
500 15.3 16665 16.1 18075 16.4 18823
300 21.4 16729 22.6 18107 22.9 18839
200 24.5 16782 25.8 18133 26.2 18852
100 27.5 16860 29.1 18173 29.5 18872
0 30.6 17010 32.3 18248 32.8 18909
FIELD
DATA
AMP PHASE
57.0 13998
47.4 13600
43.7 12841
38.5 12297
30.2 11742
FIELD 
DATA 
AMP PHASE
26.7 15686
Eddy Viscosity Model for Little Bay 10-28-77
Effects of Variation of H0 on Current Velocity and Stress Predictions
Case 3: Parabolic  Eddy Viscosity Coeff ic ien t  (N = H0ku. + ku.z - ez2)
No Slip  Bottom Boundary Condition
Surface Slope: Amplitude = 3.36 x 10*"5 Phase = -2736
Eddy Viscosity  C oeff ic ien ts :  H0 = varying, k = 0 .4 ,  u = 5 .9 ,  e = 0.00234
Units: CGS
HEIGHT
ABOVE £ o  ~ 0.01 £ o  ~
DEPTH
0.1
DEPENDENCE OF CURRENT VELOCITY 
Jin = 1.0 £0 = 10.0 Ho = 100.0
FIELD
DATA
BOTTOM AMP PHASE AMP PHASE AMP PHASE AMP PHASE AMP PHASE AMP PHASE
800 108.3 16427 105.0 16537 87.4 17104 58.9 17969 27.6 18851 57.0 13998
500 103.4 16441 99.0 16552 81.4 17122 52.9 17992 23.2 18871 47.4 13600
300 96.0 16455 92.6 16566 74.7 17139 46.3 18013 18.2 18892 43.7 12841
200 90.9 16463 87.5 16574 69.5 17149 41.1 18026 14.6 18905 38.5 12297
100 82.2 16474 78.7 16586 60.4 17163 32.4 18045 9.3 18923 30.2 11742
0 0.0 - 0.0 - 0.0 - 0.0 - 0.0 -
HEIGHT
ABOVE £ o  = 0.01 Hg -
DEPTH DEPENDENCE OF 
0.1 H0 = 1.0
STRESS 
Ho = 10.0 Ho = 100.0
FIELD
DATA
BOTTOM AMP PHASE AMP PHASE AMP PHASE AMP PHASE AMP ■ PHASE AMP PHASE
800 5.9 16123 6.0 16236 6.2 16821 6.4 17734 6.6 18718
500 14.9 16204 15.0 16317 15.5 16902 16.0 17810 16.4 18770
300 20.8 16278 21.0 16391 21.7 16975 22.5 17881 22.9 18821
200 23.8 16326 24.0 16439 24.8 17023 25.7 17926 26.2 18854
100 26.8 16388 27.0 16500 27.9 17084 28.9 17985 29.5 18894 26.7 15686
0 30.0 16495 30.0 16608 31.0 17189 32.1 18079 32.8 18947
Eddy Viscosity Model for Little Bay 10-28-77
Effects of Variation of u^ . on Current Velocity and Stress Predictions
Case 3: Parabolic Eddy Viscosi ty  Coeffic ien t  (Nz = £0kut  + kut z - ez2)
No Slip Bottom Boundary Condition
Surface Slope: Amplitude = 3.36 x 10' Phase =
Eddy Viscosi ty Coeffic ien ts :  
Units: CGS
£„ = 10. 0 , k = 0 .4 ,  u.
-2736
= varying. e = varying
HEIGHT
ABOVE
e = 0.00116 
ut  = 2.95
DEPTH DEPENDENCE OF CURRENT VELOCITY 
e = 0.00234 e = 0.00470 
= 5.9u. ut = 11.9 FIELDDATA
BOTTOM AMP PHASE AMP PHASE AMP PHASE AMP PHASE
800 109.7 16507 58.9 17969 30.1 18766 57.0 13998
500 98.7 16551 52.9 17992 27.0 18778 47.4 13600
300 86.4 16592 46.3 18013 23.6 18788 43.7 12841
200 76.7 16619 41.1 18026 20.9 18795 38.5 12297
100 60.5 16655 32.4 18045 16.5 18805 30.2 11742
0 0.0 - 0.0 - 0.0 -
DEPTH DEPENDENCE OF STRESS
HEIGHT e = 0 ,.00116 e = 0 .00234 e = 0 .00470 FIELD
ABOVE ut  = 2.95
ii4->3 5.9 ut  = 11.8 DATA
BOTTOM AMP PHASE AMP PHASE AMP PHASE AMP PHASE
800 6.0 16043 6.4 17734 6.5 18647
500 15.0 16192 16.0 17810 16.4 18686
300 21.0 16331 27.5 17881 22.9 18721
200 24.0 16421 25.7 17926 26.2 18744
100 27.0 16538 28.9 17985 29.4 18774 26.7 15686
0 30.0 16724 32.1 18079 32.7 18821
Eddy Viscosity Model for Little Bay 10-28-77
Effects of Variation of ut on Current Velocity and Stress Predictions
Case 4: Constant Eddy Viscosity Coeff ic ien t  (Nz = kut z 0)
Bottom Stress  Bottom Boundary Condition 
Eddy Viscosi ty Coeff ic ien ts :  k = 0 .4 ,  u t  = varying, e = 0.0
Units: CGS
DEPTH DEPENDENCE OF CURRENT VELOCITY
BOTTOM AMP PHASE AMP PHASE AMP PHASE AMP PHASE
800 56.6 13753 56.6 13931 56.8 13990 57.0 13998
500 49.2 13634 49.5 13555 49.6 13571 47.4 13600
300 41.3 13127 41.5 12939 41.7 12915 43.7 12841
200 36.8 12515 37.0 12407 36.9 12363 38.5 12297
100 32.8 11458 32.1 11605 32.0 11544 30.2 11742
0 30.4 9815 27.4 10368 27.1 10289
SURFACE < 0.84 1164 2.18 -3387 18.3 -5333 3.36 -2736
SLOPE x 10
DEPTH DEPENDENCE OF STRESS
HEIGHT
ABOVE ut  = 5.9 ut  = 59.0 ut  = 590.0
FIELD
DATA
. BOTTOM AMP PHASE AMP PHASE AMP PHASE AMP PHASE
800 0.3 13808 3.5 16323 35.3 16688
500 0.8 15283 8.6 16472 88.3 16703
300 1.2 16926 12.1 16641 123.7 16720
200 1.4 17917 13.8 16747 141.3 16731
100 1.7 18997 15.6 16867 159.0 16743 26.7 15686
0 2.0 20147 17.3 17001 176.7 16756
Eddy Viscosity Model for Little Bay 10-28-77
Effects of Variation of u^- on Current Velocity and Stress Predictions
Case 5: Linear Eddy Viscosi ty  Coeffic ien t  (Nz = kut [_z0 + z^j)
Bottom Stress  Bottom Boundary Condition 
Eddy Viscosi ty Coeff ic ien ts :  k = 0 .4 ,  ut  = varying, e = 0.0
Units: CGS
DEPTH DEPENDENCE OF CURRENT VELOCITY
HEIGHT
ABOVE
BOTTOM
ut  = 
AMP
2.95
PHASE
ut = 
AMP
5.9
PHASE
ut  = 
AMP
11.8
PHASE
FIELD 
DATA 
AMP PHASE
800
500
300
200
100
0
53.4 
50.2
44.4 
39.0 
29.7 
33.6
13731
13557
13169
12678
11261
-1105
53.4 
50.2
44.4
39.0 
29.6
33.1
13734
13556
13165
12674
11266
-1228
53.4 
50.2
44.4 
39.0 
29.6 
32.8
13732
13554
13163
12673
11278
-1290
57.0 13998
47.4 13600 
43.7 12841
38.5 12297 
30.2 11742
SURFACE 
SLOPE x
e 2.87 
10"5
-4233 5.35 -5017 10.3 -5461 3.36 -2736
DEPTH DEPENDENCE OF STRESS
HEIGHT
ABOVE
BOTTOM
ut  = 
AMP
2.95
PHASE
ut  = 
AMP
5.9
PHASE
ut  = 
AMP
: 11.8 
PHASE
FIELD 
DATA 
AMP PHASE
800
500
300
200
100
0
4.9
12.3
17.2
19.7
22.1
24.6
16279
16320
16384
16437
16515
16665
9.8
24.6
34.4
39.4 
44.3 
49.2
16342
16362
16394
16420
16460
16535
19.6
49.1 
68.8
78.6 
88.4
98.2
16364
16374
16390
16403
16423
16461
26.7 15686
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Effects of Variation of ut on Current Velocity and Stress Predictions
Case 6 : Parabolic Eddy Viscosity Coeff ic ien t  (N = kut P z 0 + z ]  - ez2)
Bottom Stress  Bottom Boundary Condition 
Eddy Viscosi ty Coeffic ien ts :  k = 0 .4 ,  ut  = varying,  e = varying
Units: CGS
HEIGHT
ABOVE
DEPTH DEPENDENCE OF CURRENT VELOCITY
e = 0.00116 
ut  = 2.95
e = 0.00234 
ut  = 5.9
e = 0.00470 
u t  = 1 1 . 8
BOTTOM AMP PHASE AMP PHASE AMP PHASE AMP
800 55.6 13852 55.6 13862 55.6 13862 57.0
500 49.5 13540 49.5 13536 49.5 13530 47.4
300 43.0 13070 43.0 13059 43.0 13054 43.7
200 38.1 12572 38.1 12564 38.1 12563 38.5
100 30.6 11371 30.5 11384 30.5 11402 30.2
0 25.1 1666 24.2 1584 23.7 1550
SURFACE B 2.19 -3540 3.91 -4560 7.40 -5176 3.36
SLOPE x 10
FIELD 
DATA 
PHASE
13998 
13600 
12841 
12297 
11742
DEPTH DEPENDENCE OF STRESS
HEIGHT
ABOVE
BOTTOM
800
500
300
200
100
0
e = 0.00116 
ut  = 2.95
AMP PHASE
3.5
8.8
12.3
14.0
15.8
17.5
16209
16358
16498
16588
16704
16891
e = 0.00234 
ut  = 5.9
AMP PHASE
7.0
17.4
24.4
27.9
31.4
34.9
16349
16426
16497
16542
16601
16694
e = 0.00470 
ut  = 11.8
AMP PHASE
13.9
34.7
48.6
55.5
62.5 
69.4
16405
16444
16479
16502
16531
16578
FIELD 
DATA 
AMP PHASE
26.7 15686
